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Abstract

We compute a sharp small-time estimate for the price of a basket call under a bi-variate SABR model with both
B parameters equal to 1 and three correlation parameters, which extends the work of Bayer,Friz& Laurence[BFL14]
for the multivariate Black-Scholes flat vol model. The result follows from the heat kernel on hyperbolic space for
n = 3 combined with the Bellaiche[Bel81] heat kernel expansion and Laplace’s method, and we give numerical
results which corroborate our asymptotic formulae. Similar to the Black-Scholes case, we find that there is a phase
transition from one “most-likely” path to two most-likely paths beyond some critical K*. *

1 Introduction

Basket options (i.e. options on a linear combination of n assets) are both interesting and difficult to price, in part
because there is no closed-form expression for the price of a basket call option even under a simple n-dimensional flat-
vol Black-Scholes model for n > 2, because a sum of independent log-normal random variables is no longer log-normal
and does not admit a closed-form density. Recently, Bayer,Friz&Laurence[BFL14] compute a small-time estimate for
the density associated with pricing a basket call under a two-dimensional Black-Scholes model using Laplace’s method;
somewhat surprisingly, they find that there is “phase-transition” from one “most-likely” value for the two stock price
values (S%, S2) at maturity 7', to two most-likely values for this vector.

Gulisashvili& Tankov[GT15] characterize the implied volatility of a basket call option at small and large strikes,
in a multi-variate Black-Scholes setting. [GT15] also compute the leading order term for implied volatility when the
asset prices follow the multidimensional Black-Scholes model evaluated at an independent time-change, and they also
deal with a general model where the dependence between assets is described by a copula. Armstrong et al.[AFLZ14]
compute a small-time expansion for implied volatility under a general uncorrelated local-stochastic volatility model
using the Bellaiche[Bel81] heat kernel expansion combined with Laplace’s method; they also consider the case when
the correlation p < 0 and in this case the approach still works if the drift of the volatility takes a specific functional
form and there is no local volatility component, which includes the SABR model for g =1, p < 0.

In this article, we compute the small-time behaviour of a basket call option under a bi-variate uncorrelated SABR
model with 8 parameters equal to 1 with three correlation parameters for two correlated assets, and (as for the Black-
Scholes case) we find that the same phase transition effect occurs at the same critical strike, i.e. the “rate function”
in the exponent of the saddlepoint approximation is qualitatively different for strikes values greater than some critical
strike K*, where there is a phase transition from one “most-likely” configuration to two most-likely paths. The result
follows from the known expression for the hyperbolic heat kernel on the upper half plane H? combined with the Bellaiche
small-time heat kernel expansion over compact domains and Laplace’s method (in a similar spirit to [AFLZ14]). We
then extend this result to a correlated bivariate SABR model with three correlation parameters.
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2 Background on the heat kernel and hyperbolic space

Consider a diffusion process on M = R™ with infinitesimal generator L. In local coordinates, L takes the form

1 y ;
L= 2 Z (@) 5‘:518;[]—’— Z b( 3962

1<i,j<n 1<i<n

(see Theorem 2.1 below for the conditions that we impose on b, o via conditions on M and A). Now furnish M with
a Riemmanian metric g;; = (a;;)”~" so that M is a smooth Riemmanian manifold with a single chart given by the
identity map. We can write L as $A + A, where A = Z” Wik 9:(\/1g] g7 9;) is the Laplace-Beltrami operator and

Al =bi-1 ; ﬁaj( |9l %) is a smooth first-order differential operator and |g| = | det g;;| (vecall that g% = (g;;)~").
9

Given such an operator L, the heat kernel p(x;y,t) of L is the fundamental solution to the heat equation dyu =
(A+ %A)u, which is also the transition density of the diffusion X with respect to the Riemannian volume measure

Vgl (see [Hsu] for more details); to obtain the transition density p(x;y,t) of X with respect to Lebesgue measure
dxq...dx,, we set

p(xy,t) = pxy,t)vV9(y)

where /g is shorthand for /det g.

Throughout, we let p(x,y) denote the Riemannian distance between two points x,y € M.

Theorem 2.1 (Theorem 4.1 in [Bel81]). Let M be a C*-Riemannian manifold and A a C*-vector field. The heat
kernel p(x;y,t) of the operator %A + A satisfies:

PGy, t) = (2mt) Fug(x,y) e 20X/ HACYIL 4 o(1)] (t—0) 1)
for some function ug(x,y) (see e.g. [Hsu02] or [AFLZ14] for details on how to compute ug(x,y)), where (x,y) €
(M x M)\ C(M) 2, and

Axy) = / (A, 4(s)) ds

for the unique distance-minimizing geodesic 7y : [0,1] — M joining x and'y. The estimate (1) is uniform on compact
subsets of (M x M)\ C(M).

We know that Theorem 1.1 holds in general. However, when M is the upper half space H? = {(z,y,a) € R3 : a > 0},
and the metric (g;;) is the Poincaré metric with line element ds* = 2 (dz? 4 dy? + da?) and A = 0, from e.g. [GM98]
we also have the known exact formula:

Lk 2

X; t = —e 2t
p(x;y,1) (@nt)? sinhp ;

where p is shorthand for p(x,y). Equating (2) with (1) for A = 0, we see that we must have that

p
sinh p

uo(x,y) =

for this metric.

2C(M) is the subset of points (x,y) in M x M such that x lies in the cut locus of y



3 The bi-variate SABR model - zero correlation case

We work on a model (2, F,P) throughout, with a filtration F; supporting three independent Brownian motions which

satisfies the usual conditions.

We now consider the following bi-variate SABR model for two asset price processes St(l), St(g):

dX,
dYy
dat

where X,

—%afdt + agdW},
—§afdt + a dW?,
atde’

3)

log St(l),Y} = log St(z) and W, W2 W3 are three independent standard Brownian motions and ag > 0.

The law of (X; — Xo,Y: — Y)) is independent of (Xo, Yp), so without loss of generality we set Xy = 0,Yy = 0.

We first recall some facts about the geometry associated with this model:

e The associated Riemmanian metric (g;;) is the three-dimensional hyperbolic metric on R x R x Rt with line
element ds? = 25 (dz? + dy? + da?), and volume element /g = 5.

p p(x0,Y0, a0; z,y, a)

|(x — 20)* + (y — y0)?

From e.g. page 179 in [HLO8], the geodesic distance between two points xg, Yo, ao and (zo, yo, ag) is given by

h™'[1
cosh™ [1+ Sava

+e el (@)

The straight lines perpendicular to a = 0 and the circles of H? whose planes are perpendicular to the hyperplane

a = 0 and whose centres are in this hyperplane are the geodesics of H? (see Proposition 3.1 on page 127 in

doCarmo[doC92]).

A

(see e.g. Eq 3.2 in [MY05]).

For this model, A is given by A? = b — %

A(x()vy()v ao; L, Y, a)

The Laplace-Beltrami operator for H? is given by

a?(02 + 0+ 02) — ad,

; %@-(ﬁg’j) so A= (—3a% —1a?

/ (A

1
a2

, 3a). Then we have

dx 1 dy 1 sda
1 opaxr 1 opay 1 sda
[y[ A dt + a2'/4 dt +a2A dt]dt

1dx 1dy 1 da
- /J‘m‘zdt aat™
1 1 1 a
= ——(z—m)—=(y— ~log — .
5@ —20) = 5(y—yo) + 5 log o (5)

e Combining (1), (2) and (5), we see that the density of (X¢,Y:,a:) has the following small-time behaviour over

any compact set of (x,y,a):

ﬁ(ZanO,aO;xvyaa’t) = ﬁ(x,yvaat)

—3(z—zo+y—yo) + 3 log = 1 P */27; 1 1
\/§€ 0 (27’(’1‘:)% Sinhpe [ +0( )}
\/& 1 _1(,._,.0+y_y0) 1 P _ 02
-~ A [— 27 [1 1
Nat (27t)3 sinh p em T [L+o(1)]

1 1 p

o~ @=z0+y—0)

(27#)% sinh p

e 51 + o(1)] (t—0).



e Temporarily switching variables, we know that p(z,y, a;z1,y1,a1,t) is a solution to the backward heat equation

1 . R 1 . . R
atp = _iaz(px +py) + 5042(1)3633 + Dyy +paa)

subject to p(z,y,a;x1,y1,a1,t) = 6(x — 1,y — y1,a — a1). If we now let
ﬁ(x?yaa;xlaylaalaﬁ) = e%(x_xl—‘ry_yl)—‘r%log%q(w7yaa;xl7yl7al7t) (7)

then the PDE transforms to
1 1 1
O = —5040 + §a2(qm tayy +daa) +V(Y)e = A0+ V(Y (8)

with ¢(z,y,a;21,91,a1,t) = §(x — x1,y — y1,a — a1), where V(y) = % - iaQ and A is the Laplace-Beltrami

operator as before.

e The law of (X; — g, Y; — yo) is independent of ¢, yg, so without loss of generality we set 2o = yg = 0 from here
on. Then from (8) we see that

. _1 1 Va s 1 PO, 1 [ta24.
P(z0,50,a0; 7, y,a,1) = e 2(HY) a3 \Jag eStWydaE (€730 %" 1 x, v, a)e(da.dy.da))
_1 1 a 3 1 0
< emzlEtw Va g EY (L(x, vi.a0)€(dady.da))

1
= e*%(”y)aﬁ % - 3t (z, y, a,t)
= e*%(ery) 1 = e%t 1 P eiétig
Jaopaz (27t)> sinh p
_ ety 1 o8t 1 p e*% (9)

(27Tt)% sinh p

where PV and $° denote the measure and transition density associated with the Laplace-Beltrami operator i.e.
without the additional A term. (9) provides a global upper bound on the transition density for (X;, Y;) we can use
to deal with the tail integrals outside the compact set where we are applying the Bellaiche heat kernel expansion.

From here on (in contrast to the previous section) we work in log space (i.e. z and y will refer to the log of the first
and second asset price process), which will be more convenient when working with the hyperbolic metric and the heat
kernel. We also introduce the following quantities which will be needed in Theorem 3.1.

x* (k) = argminxﬁog(%K)ﬁK(aj)
Hg(z) = cosh™! \/1 + a—12[a:2 + (log(K — e7))?]
0
1 - *
oF) = LAl () (10)
and
a*(z,y) = y/ad+ 22+ y?
yo o= y'(k) = log(K —z"),
O(z,y,a) = %p(ao,O,O;a,x,y)Z,
1 -

U(x) = §HK(33)2. (11)

Theorem 3.1 For the uncorrelated model in (3) with Xog = 0,Yy = 0, we have the following small-time behaviour for
basket call options for K € (2,00) with K # K* := 2e:

3 2 (k)

E(SY + 8P Kyt = yk)tie " [1+o(1)] (t —0) (12)




15¢

100

05,

15 20 25 30

Figure 1: Here we have plotted (k) for the uncorrelated SABR model in (3).

where k = log K ,and
eV (e2 4 ) e~ z(@ ") 1
\/aoa* (x*, y*) \/27T(I)aa(x*7 v, a*(:z:*, y*)) \If”(z*) FIK(x*) sinh HK(Z,*)

Y(k) = (L+ lgspe) -

When K € (2, K*], * and ¢ simplify to z*(K) = log(1K) and ¢(k) = %[coshfl(\/l + % (k —log2)?)]?. For K = 2e,
0

we have the special behaviour:
1 1 r'(1) 1
Va0l 4z \/®,(a,y*,a) (CH)7 Hsinh H

o -1 2 - _ 2 — 5 1
where H = cosh m,a mﬁmdf 12 /20214

Proof. We break the proof into several parts.

E(sY +s? — gyt = tie” % [1+o0(1)]

e Computing the small-time behaviour of E(a?6(X; — z,Y; — y))
From the generalized It6 formula, we have

t
E(StY + 8% - K)* — E@2S, - K)T = % / E(a2 (S + 82 — K)[(SV)? + (S2))du.  (13)
0

To this end, we first compute the small-time behaviour of E(a?§(X; — z,Y; — y)) = faoio a*p(z,y,a,t)da. Fix a

sufficiently large constant M > 0, let £ = £ min{ao, 1/+/ad + 2M?}. Using the heat kernel expansion in (6) over
a compact domain (z,y,a) € [-M, M] x [-M, M] x [e,1/¢] in (6), and Laplace’s method (see [SS03]), we find

that
1/e
I = / a*p(z,y,a,t)da
1>
* 2 * *
. _@@Y)S i 1 . (f,y) R
J%(a*(xvy))é 27Tf\/‘1>aa(93,y,a*(%y)) sinh p (Ivy)
1 1 * ()2
= 767%(14”9) . P (x7y) €7p (2ty) [1+0(1)] (14)
apa*(x,y) 27t/ @aq (@, y, a*(x, y)) sinhp*(z,y)
and

a*(ay) = Ja3tayr . pay) = cosh /14 (a2 +y?)/a]

are the minimizer (resp. minimum) of p(ag, 0, 0;a,z,y) over all a € R*. Moreover, the function p(ay, 0, 0; a, z, y)
is strictly decreasing in a over (0,a*(z,y)] and is strictly increasing in a over [a*(z,y),00). On the other hand,



using the global bound (9) we have that

g
0<Z, = / a*p(z,y,a,t)da

0

1 -5t 2
< e 3y e % d
= ¢ Vao (2 % \/5 smhp “
< L(aty) € e st plap,0,0;¢,2,y) _p(ao,o,gf,w,y)"‘d

a

- 271-15% \/ﬁsmhp a0,0,0;¢,2,y)
< 2/Fe i) 1 plap,0,0;¢,2,y) _P(ao»U«g;E«zwyP’ (15)

\/% (27Tt)5 sinh p(a07 Oa O,E,x, y)

2
where the second line follows from the fact that both Smhp and e~ % are positive, decreasing functions of p > 0,
and that p(ag, 0, 0;a,z,y) is strictly decreasing for a € (0,¢]. Similarly, p ~ loga as a — oo so thp = o(e*%”) =
o(a_%) as a — oo. Hence there exists a constant C' > 0 such that 0 < Sinphp < Ca~ i for all a > é and

(x,y) € [-M,M] x [-M, M]. It follows that

0<7Zy = / a*p(z,y,a,t)da
1/e

< e 2(x+y)e 1 - Ooilp e
- Vao (2nt)z Jie Vasinh p
—5t 00 e wy)2
e €O / o~ tontpeeal L
Vao (2t)2 Ji/e

C 1 e P(ao,o»ﬂélt/a,w,y)z . (]_6)
Vo (27t)
Since p*(x,y) < min{p(ag, 0,0;¢,x,y), p(ap,0,0;1/e,x,y)}, we know that Z; = o(Z;) for i = 2,3, as ¢ — 0. Thus,
for any (z,y) € [-M, M] x [—M, M|, we have

2
5% da

IN

(&

< 4eie 2@ty

Nl

1 1 1 * P zyz
Vel SIS 1) (60
aoa*(x,y) 27Tt\/(1)aa(’r7y7a*(xay)) Slnhp (x’y)
(17)

and this expansion is uniform for all (z,y) € [-M, M| x [-M, M]. On the other hand, by standard properties of

E(a;d(X;—,Yi—y)) =

the Dirac delta function, we also have

1
E(a25(SM —e*, 82 —ev)) = E(a28(X, — x,Y, — ). (18)

ereY

e Computing the convolution

Applying a convolution to this we see that
J = E@s + 57 - KISV + (57)%)
K
= / ]E(afé(St(l) —e", St(2) — evr @2 4 o2 (@)]g(e7)

==0
/logK [62I _|_62yK(z)]

eYK (=)

E(a?6(X¢ — x,Y; — yx (v))dx (19)

— 00

where yg (z) := log(K — e*). Now fix R > 0 sufficiently large, we may use the estimate in (17) for the compact
domain {(z,y) : z € [-R,log(K — e )], e® + ¢¥ = K}, we have that

/log(K—eR) [62:8 + erK(w)}

J1 o= R evr (x) E(a%6<Xt —z,Y; — yK(.’E)))dai
— o) [ SR [ 4 dule)] b ! He(@) ffe?
R vl Jaga* (x, yr () 2mt\/Paa(@, yx (2), a* (w, yx (2))) sinh Hi ()



as t — 0, where

Hi(z) = p*(z,yx(z)) = cosh™! \/1 +[22 4 (log(K — e%))?] /a3, .

Note that we can choose R > 0 sufficiently large so that Hy (x) is strictly decreasing over (—oo, —R), and that
Hp () is strictly increasing over (log(K — e~ %), log K). To apply Laplace’s method for 71, we have to minimize
Hg (x) over all z in the allowable range [—R,log(K — e~ )]. By the monotonicity of Hg (z), the minimum over
[—R,log(K — e~ )] is the same as inf,<1og k Hx (). Thus we have to minimize 22 + log(K — €*) over x in this
range, for which we will need the following Lemma:

Lemma 3.2 Let hg(z) = (logz)? + (log(K — 2))? and set K* = 2e. Then we have the following classification
for the minimizer(s) of hi(z):
- If K € (0,K*), (2) = (K — z) > 0 for all z € (0,K), so z* = 3K is the unique global minimum of
hK;
— IfK = K*, hffe(z) = W (K—2) > 0 for all z € (0, K)\{3K} and Wi (3K) = h(AK) =0 and K}/ (3K) > 0,
so z¥ = %K is the unique global minimum of hx ;
— If K € (K*,00), hx has two global minima, * and K — x*, with z* € (0, %K)

Proof of Lemma 3.2. See Appendix A (see also page 3 in [BFL14] for a statement of this result and a plot
of the three different cases). ®

Let us denote by

U(x) := iHK(gc)2 . e(k) = ;rét];\ll(x) > 0, where k =log K. (20)

K € (0,2e¢)
Applying Laplace’s method to J; for K € (0, 2¢e), we see that

—y* (22" 2 —3(z"+y™) 1 q * ek
go= e b)) ¢ M) eny oy,
Vaoa*(x*,y*)  V2mty/Paq(x*, y*, a* (z*,y*)) /U (z*) sinh Hp (2*)

(21)

where 2* = z*(K) = log(31 K) and y* = yx(2*), and ¢(k) can be calculated explicitly as

0

1 2
olk) = 2[cosh_l(\/l + = (k —log2)?)]?
a
and we can re-write z* as * = k —log 2. As an aside, by trivial adjustment to (21) (using (18)) we also see that
the exact density f(K) of S} + S? has the asymptotic behaviour

. 1 1 1 Hi(z*) _em
5 —— e” t [L+o(1)].
Vaoa* (z*,y*)2 V2mty/ @ua(x*, y*, a* (¥, y*)) /" (z*) sinh Hg (z*)

(22)
K > 2e

Similarly, for K > 2e we have

A (e e 5=+ 1 Hy(a*) et

Jar g i e o) VEe) smh i) ¢ L Teh (23)

where now z* = argmin, ., x Hx (z) = argmin, <o (1 K)E k() (this equality follows from the second bullet

J =

point in Lemma 3.2), y* = yx(¢"), and note that we also write this as logargmin, ¢ 1 hr(x) where hy(-) is
defined as in Lemma 3.2. Note that (23) is twice the expression in (21) because we now have two saddlepoints.



e The special value K* = 2¢

At the special value K* = 2e, the second derivative term HY.(z*) vanishes, and we have

Hy-(z) = Hg-(2") + &@—2")" + O((z — 2%)%),

Hyg-(2)? = Hg-(2%)? +26Hg(2")(xz — 2*)* + O((x — 2*)%),

where z* = 2*(K*) = 1 (and hence y* = yx(2*) = 1), and { = \/772/2 Using the identity [ e dy =

F(%), we now obtain
201
2 2 1 1 1 r(: H 72
T = e —116 6_5(1+1) _ _ (4) ; _ _ 6_%[1_’_0(1)]
€ Va0l 27t/ ® o (x*, y*,a) 2(EH«(x*))3t~ sinh H
2 1 e i >
- W A E o) o)

Vol 4m\/® 40 (2%, y*,a) (EH)3 t3 sinh H
where f = Hyc-(a%) = cosh™ /14 2, a=a*(a”,y") = |1+ &,
0

e Controlling the tail integrals

We now control the tail integrals in (19). To this end, denote T} := fot a%ds. Then we know that, X;|T; and Y;|T;
are independent N (—%Tt, T;) normal random variables, and hence for all (x,y) € R?,

1 1
E(é(Xt - ,'1/'7)/;5 - y)|at,Tt) == dxdyP<Xt S d.’E th S dy|at7Tt) = dx d P(Xt S d;zc|at7Tt) (}/;g S dy|at7Tt)
1 1
< —P(X; € dx|ag, T
~ dx (Xi zla t)\/27th
1
= E(0(X: — , T 25
\/ﬁ((t )|az, Tt) (25)
Thus, we have
R [ 2x + erK(ac)] )
0<J = /_OO WE(at6<Xt —x,Y; —yx(x))dx
6_2R—|—K2 —-R
< S [ E@S -0V - y(o))do
—00
—2R KQ 1 —R it
< %7 E(a;T, é(S(Xt —))dx
K—e V21 J oo
2R 2
+ K- 1 _1
= _e R r (ath zl{XtS,R}). (26)
By the Cauchy-Schwarz inequality we have
E(athiél{xtng}) < \/E 15%1{Xt<7R})\/E ai T
< {E@}) V(X < R)VE@; T )
2t
< aiedt. S VP(X, < -R), (27)
27t

3
where the last line is due to the fact that af = af exp(5W? — 3t) and the bound for E(a? T} ) in Appendix B.



We now bound the probability P(X; < —R) by choosing an appropriate R > 0. To that end, let ¢ = 8¢ (k)+72 > 0.
For fixed ap > 0 and x; < 0, it can be easily verified that

2 _ 2 2 2 2
{14 TLE@= )y i Faptat

a>0 2apa a>0 2apa

Thus, by choosing 1 = —agV/ cosh? v2¢ — 1 = —aq sinh v2¢ < 0, from (4) (with y = o) we see that v/2c is the

(
minimum distance from point (0,ag) to the vertical line z = x; in H? = {(z,a) : @ > 0}. By Theorem 4.6 of
[AFLZ14], for 1 < 0, we know that for all ¢ > 0 sufficiently small,

x1+a0 _ 1 2 2_\/ 2/ 9
2a0a>0{ . a}—2a0 N/zi+ai =1/1+2z7/a3.

b=

njw

E(eX —e™)t — (1 —e™) < Clz)e 2, (28)
where C'(z1) > 0 is a constant that depends on z; only, hence by put-call parity, we have
E(e™ — X))t = B(eXt — )T — (1 — &™) < Cfa)e Tt2. (29)

Finally, observe that

E(e™ — Xyt = = E(em — SOyt = / P((e — SOV > wydu = / Ple™ — SO > w)du
0 0

> / P(SY < v)dv
et
1. 1 1,
Z 56 I]P(Sg ) S 56 1)
1
= 3¢ e P(Xy <z —log2). (30)

Combining (29) and (30), we have

P(X; <1 —log2) < Qe_xlC(xl)e_%t% .

5
5 et 16
3t 4

1 < aie .
{X:<— R}) = 0 m

E(a?T,

_1 5
E(@;T; *lix<-my) < agens'™ o ——P(X, < -R)

€T s (32)

IN
Q

[=FNIS
(9]

(recall that ¢ = 8p(k) + 2, #1 = —ap\/cosh® v/2¢ — 1 and we have chosen R > log2 — z;). Thus, we have
J2 = o(J1) as u — 0 because we have 2p(k) as opposed to ¢(k) in the exponent for Jo. Similarly, for
log K o2 +62yK(z)
Js = / [ e ]
1

eYK (=)

P E(af(S(Xt —x,Y; —yx(x))dz
og(K—e—

—R .2y 2z K (y)

e’ t+e
— QE(CL%(‘X} —zx(y),Y: — y)dy,
oo eﬂﬂk(y)



where 2k (y) = log(K — e¥), we also have J3 = o(J1) as u — oo. Overall, we have

log(K—e™ ) €27 + e2vK (@)]

J = J(l+o0(1)=(1+ 0(1))/ E(a?6(X; — x,Y; — yx ()))dz,

_R eYK (z)

ast — 0.
Final step: computing the small-time basket call option asymptotics

‘We now recall that

1 t
E(S{ + 8P — K)* — E(2S - K)t = 5/ E(a2 () + 82 — K)[(S)? + (S2))du.  (33)
0
We first deal with the case K # 2e and we recall the following well known asymptotic relation
2= 57t — k/2nt k 2 5 g t
= / e “Sadu = — +/<;\/277Erf(ﬁ) = ﬁﬂe 2t [1—1—0(?)] (34)

for k£ > 0, which just follows from the well known result that ®°(z) ~ \}ﬂe_z2/2[1 4+ O(Z%)] as z — oo. Note

that the leading order error term here is O(k%) so this approximation will generally work badly if k% is not < 1,

which is often the case in practice in financial applications (we will return to this point in the numerics part in
section 4.3).

Now recall that

J = E@s(s + 57 - KIS+ (S = T+ (1) (35)
and from (21) and (23) we know that
-y (22" 2y” 3(z"+y") 1 H * ok
Sio= (14 Lsre) = te?) o) S L+ o(1)

= e
V apa™ l‘ y V2 \/(paa AN TN \/lIIN * bth}IK(x*)

(36)

where 2* = 2*(K) = log(3K), yx (z) := log(K — €”) and (k) = $[Hx (z*)]*>. Applying (34) to (33) using (36),
we obtain following small-time behaviour for basket call options for K € (2,00) with K # K* := 2e:

E(SY + 8P — Kyt = k)tie "1+ o(1)] (t— 0) (37)
where k = log K, and
eV (e 4 W) em3 (@ Y7 1 1

Vaoa* (5, y*) /21 (z*, y*, a* (z*,y*)) " (z*) Hp (*) sinh Hy (x*)

When K € (2, K*], 2* and ¢ simplify to z*(K) = log(1K) and ¢(k) = %[cosh_l(\/l + % (k —log2)?))2.
0

P(k) = (T4 1gspe) -

For the special case K = 2e, recall from (24) that
2 1 r'(3)
Vaoa Ar\/®,.(x*,y*, a) (¢H)7 t7 sinh H

where H = Hg-(z*) = cosh™" , /1+ %, a=a*(z*,y*) = ,/1 + 2. Using that
ag

e 5 [1+ o(1)] (38)

Ji

ag
1 42 VE_ 1 k? 2 5 &
Udy = ~mD(—=, =) = —tie k>0 39
| = 1) = e (k>0) (39)
we obtain
1 1 INE 1 s &
E(S™ + 5% — k)t = G __ tie 51+ o(1)]

I\J‘U'

WhereI_{:COShfl,/l—&—f—z, 1/l—l— andf—
0



4 The general bi-variate SABR model: non-zero correlation

4.1 Small-time asymptotics for basket call options

We now consider a generalized version of the model in (3):

dX; = —%a?agdt + opar dW},
dY; = —3aioldt+ oya dW?, (40)
da; = aatthS

where dWldW2 = paydt, AWLHAWE = pyodt, AW2ZdWE = p,.dt with o,,0,,a > 0, pxy <1, p2, <1, pya <1
and pxy +p2. + pya 202yPraPya < 1, which ensures that the covariance matrix of the three Brownian motions is

positive semi-definite, and we set Xo = Yy = 0 as before. Throughout, we set pyy = /1 — p%y, Pza = \/1—p2, and
ﬁya =1/ 1- p32;a'

Remark 4.1 A fully general model would be four-dimensional, with one volatility process for each asset, but the
analysis for such a model is significantly messier. The one drawback of our existing model is that both assets have the
same vol-of-vol «, which may not be unreasonable if both assets are in the same sector.

The heat equation associated with (40) is given by

1 1
O — iaz(oiux + aiuy) + §a2(aﬁum + aiuyy + Pug, + 202y 020y Uy + 20205 0Ugq + 20yq 0y 0y, ) -

Now let 7 = o, so O;u = a?d,u. Then this equation transforms to
25 Lo o 2 1o o 2 2 9 9 9
a’0ru — a (opus + oyuy) + 20 (0pUze + Oy Uyy + O Uaq + 200y 000y Uiy + 2P2a020Uza + 2PyaTyQUy,) -

or equivalently

2 0-2

1 o oy Oy
(02u, + ajuy) + fa2(a—§um + o2 uyy + Uga + pry Tu Y gy + 20m Uga + 2Pya— uya) )

o,
v 2

1 a?
T 9a2
If we now set ' = ax /o4,y = ay/o,, then PDE further transforms to

1 2
oru — fa—(awux +oyuy) +

1
5. —a* (Ui + Uy + Uga + 20zyUary + 2Pzalara + 2Pyaly’a) - (41)

2

Then the diffusion matrix for (41) is given by (a;;) = a?LX7T, where

B 35 pa
r = 0 ﬁya Pya
0 0 1

and 3= /p2, —V2/P2s; ¥ = Pay — PraPya, and this matrix now only involves correlations. Moreover,

i vy &
. B N
> = 0 o 7% (42)
0 0

where £ = paypya — pza- The process associated with (41) now takes the form

dX] = —1a?%dt + a;(BdB} + =-dB} + pyedBy}),
Ay} = —1a2%vdt + a,(pyadB? —i—pyadB ), (43)
dat = Cltng
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with (X, Yy, a0) = (X0, £Y0,a0) = (0,0,a0), where B', B2, B3 are independent Brownians.

We define the following two quantities which will be needed in the theorem which follows.

1
(I)(G,) = 5d(.’1),y, a)2
d(xv yK(x)v a* (Jf, y))Q
\I/ =
(z) 502
. 20?3 (pha + B*9%)0% — 20ya®BPyp}, 000y + Pya(e?a® + aiBPal)oy
(v,y) = argmingd(z,y,a) = | CENE : I
pya)azo—y
A 1 o0 Yo, o 1 a
A = —=(==- Y - —log — .
I e N AL

Theorem 4.1 For the general correlated model in (40) with Xo = 0,Yy = 0, we have the following small-time behaviour
for a basket call option for K > 2:

<
>\

(k
27
where k = IOg K7 HK($7 y) = d(l’, Y, a*(z, y))7 A(k) = min, HK(:Ca yK(x))7 ]X(k) = A(k)/a2! :17; = argminzHK(xa yK(I))
for j = 1.N where N < oo is the number of global minimizers of Hx (x,yx(x)), yrx(x) = log(K — e%) as before,
y; = yr(x}) and

ML ro(l)] (i W) >0 Vj=1.N) (44)

e

E(S™ + 8P — k)t t

ﬁ

da.y.a) = p(E71(0.0.a0)" 57 (C2, T a)T),
oz Oy
i - N £\ 2 e’ ( 2 2TJ + o 62y;) \/‘6(2—1(%7 (t,—yj aag)T) X($;7y;aa;> 1 1 OL4
k) = Z(aj) zjty; Va2ra NI d(z%,yr, %) sinhd(z%, yr, o) detX o0,
= 2may [ @aa(al) ¥ (25) T Y5045 Ty ¥50 =%y

ACETH0.0,a0)T 3TN (EE T )T) B(k)

x(z,y,a) = =V2m (k) and p(.,.,.) is defined as in (4).

Proof. (of Theorem 4.1). Let

dX, dxj —30a/a dB; 5 TEE mP = dB;
dy,| = 27t |ay)| = a?x7! —5oy/al dt + a; dB?| = a? |0 ﬁi 7% 5% dt + a; |dB? (45)
day day 0 dB} 0 0 1 0 dB}

with (XO,YO,&O)T = ¥710,0,a0)T. Then from Theorem 2.1, we know that the joint density of (Xt,f/tﬁt) behaves
like

VTP 1 p 22
h(i, 9, 4,t) = t,4,a) &9 __—__ 51+ o(1 t—0
PEBT) = VA A e o) (50
where p = p(0,0, do; Z, §,a) and A (r,y,a fo ))ds, where + is the unique distance-minimizing geodesic joining
(0,0,d0) to (Z,9,a) under the metric ds = %(dw + dy —|— da?), and A has to be computed as before from the
drift coefficient in (45) using the formula A* = b* — 1 9;(\/9¢"); in this case we find that A = (a2(—2‘ga
25’%:“5(1)7 —a?5 1a) and we have
1 . .
A 1 dz 1 dy 1 da
Az, g = yydt = — A= AP A de
Gia) = [na = [pafG e Sagle 5%
Oz you | dE oy .\ dy 1 da
= (50 +55 )7 + (= )=+ oo ldt
L 2B 2p7,Ba’ dt Qapya dt  2adt
1 o, LTI oy .
= (&= - Liog 2.
Z(ﬁa ﬁzaﬁa)x 2aﬁyay + 2 og ag
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Then the density of (X;,Y/,a;) satisfies

isoa 1 P 2 1
h(a' Y a,t) = 2,4, a) eA@9a) ~ 5 1+o0(1 t—0
B0 = Vi) A e S o] (o0)
where now (£, 9,a)" = X~1(2/,y’,a)T. Transforming back to the original variables, we now obtain
Riaoa n 1 P _ 02 1 o
Sy, at) = i) eA@0) , 14 ofl
Brpnat) = VA 30) AT o e e O o1
oar oy . A(S71(0,0,a0)T, St (22, 2u )T 1 d(z,y,a) _dyw? 1 a?
o=, = oz oy 207t 1 1
a (ag; "oy @))€ (2ma2t)s sinhd(z,y, a) " dety OL0y [L+o(1)]
ast — 0, where d(z,y, a) is defined in the statement of the theorem and we are using that (z,9,a)T = X~ 1(gf, 2 )T,
For for future reference we define
1 10T QY iy ASTH0,0,0)T 5 (e 2 )Ty ] d@,y,a) _deaw? 1 o’
. t = M - = oz oy a2t
P (%0, 90, 003 2y, 0, 1) Vol (Jm7 oy a)t) e (2ma2t)? sinhd(z,y, a) ¢ detX o,0y
(46)

to be the leading order approximation here.

From a formal application of Laplace’s method (see below for discussion on justifying this rigorously), we have

B~ 2Yi-y) = [ dBlry.0.tda
a=0
2 oz oy Lo x(@y,a¥) d(z,y,a*) _a@we> 1 o
= Xi(—,—= aZt 1 1
(a*)"Vg ( (% oy ,a”) Imat/Dos(a) Shd(, y, a") e 2 hkry o(1)]

where a* = a*(x,y) is the unique minimizer of d(x,y,a). Then applying a convolution as before, we see that

E(a?3(S." + 87 — K)[(S:)? + (5)%)

K 2x 2 * * 2
N / e’ +evx (a*)Z\/g(Efl(%’%’a* T x(z,y,a) : d(z,y,a )* e—id(méi’;t 2 1 o d(e")
. eTTYK oz Oy 2t/ ®qq(a*) sinhd(z,y, a*) detX 0,0
~ / e e @) (a*)?yg (=1 (22 ayx () a*)T) X(z yk(2),a)  d(z,yx(@),a*) _deax@en?  a

z—()
2

L ——— a2 7d
. eV (x) or oy 2mat/®uq(at) sinhd(x,yK(x),a*)e o 050ydety o

where yx = yx (z) = log(K —e”). Since Hg (2, yx (x)) is real analytic in x € (—o0,log K), there can only exists finitely
many roots to the equation -2 L K(ac yx (2)) = 0 over this domain. It follows that there can only be a finite number
of minimizers z’s such that HK( o5,y (25)) = A(k) = min, Hg (2, yr (). Applying Laplace’s method again, we can
now re-write this expression as

x £yt a*)?2
N 2¥ 2z 2y ar* * x(z 7,y7 a ) d(a: y7 a?) d(mJ>yJ»aJ) 2

T+ (2 o (1(9%) Ay T dejjep)
~ Z_j:l ezjierj ((I;) \/g(z ( 0'1:7 P g; ,CL;) )\/ﬁ\/%a(a*)\lf”(w*) s1nhd(1,*,yJ7,a*) 2%t Umaztm (47)

where a} now refers to a*(x7,y;). Similar to before, we know from the generalized Ito formula that
1 t
B+ 5 - K)F ~ BSo-K)' = 5 [ E(0R+ od)ad 6(S + SO - K(SP) + (SP)Pdu (48)
0

Combining this with (34), we find that the asymptotic basket call price is given by

A,y a)2
N 2 2z 2 2y; 375

J .
Ze O' € J—|—0’ € J] axr Oéy] * X( ],y], ]) tze 202t

= : o ,a3) /727r [ Boalal) V" ( (z7,y5,a}) sinhd(z}, y5, a}) detE 00y

The map from (%, g, 4) to (z,y, a) is an invertible linear mapping, which maps compact domains to compact domains.
Thus, the tail integral (an integer over the complement of a compact set) in the convolution of p;(z, yx (x), a*(x, yx (z)))

13
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in x also corresponds to a tail integral of relevant joint density in &, which can be controlled using similar arguments
as in the proof of Theorem 3.1.

In particular, from (43) we know that, conditional on the natural filtration generated by (a;)¢>0, F;*, we have

1o, !
X :—~1ﬂ+/%wwhflw®ﬂm@—%%
2 a 0 Pya
, 1oy i 2
Yy, = —ith“r‘pya/ asdB; + pya(ar — ao).
0

2
Recall that 8 = /p2, —v2/p2., ¥ = Pay — PraPya S0 B> + /;%—a = p2,. It follows that (X{|F) ~ N(—5ZT; + pralar —
ao), P2, Tv), (Y/|F#) ~ N(=3 2T, + pyalar — ao), PoaTy), X{ and Y/ given F{* are correlated normal with correlatlon

0'2 — a
pm’ypya' Hence, (Xt|]:ta) ~ (_§§Tt+pwa a (at G'O)’ ﬁpiaTt) and (Yt|]:t ) ~ (_§§Tt+pya @ ( ) pya az Tt)
X and Y; are correlated with correlation p := ﬁmﬁw. It follows that, for all (z,y) € R?, we have
E(6(Xe — .Y, —y)|FY) = E(6(X; —2)|F) - E(6(Y: — )| Xy = =, FY')

1
Zu aV 27TTt\/

and in the second line we have used that Var(Yy X, Ff*) = (1 — /SQ)Var(Y}\.Ff) by standard results on conditional
Normal distributions. Similar to (26), we then have

< E(0(X: —=)|FY) -

R 1 2x 2y ()
0 < / WE(afa(xt—x%—w(w))dw

eYK (z)

—2R 2 -R
+ K
< G [ B - Y- ()i

e 2R L K2 1 —R _1
< E(a?T, 26(X, — x))d
= K _eR 07y_ \/ﬂ\/ﬁ/— (aiT; *6(Xy — x))dx
e 2l 4 K2

T K- f —pyafﬁ Flinsm)

and we then proceed as in (27). m

4.2 TImplied volatility

We define the implied volatility of a basket call option with strike K and maturity ¢ under the model in (40) as the
unique solution &¢(k) to:

E(St(l) +St(2) 7K)+ = CBS(23K7&tat)

where CB3(S, K, 6, 1) is the usual Black-Scholes call option pricing formula with zero interest rates. It will be convenient
to re-write this equation in a normalized form as

B(SY 4+ 51— KT = CP (e duan), )

where e™! = %K , and we now show the dependence of 6; on x; explicitly.

Corollary 4.2 For the model defined above, let 64(x1) denote the implied volatility at maturity t for strike K = 2e** =
ek, with K > 2. Then we have the following asymptotic behaviour for &¢(x1):

6 (x1) = 6o(z1)® +alz)t + o(t), (49)
as t — 0, where
R |z ) = 264 (1) o 30(k)
folm) = oh(k) (=) = 3 ! ® Aps(z, 60(a1)) (50)
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Proof. If we equate the small-time basket call expansion in Theorem 4.1 (normalized by the effective initial stock
price, which is 2) and the small-time expansion for a standard European call option with initial stock price 1 and strike
price e using the usual Black Scholes call option formula with volatility parameter equal to v/o2 + at and maturity
t (see Proposition 3.4 in [FJL12]) we get

(F) 3

tze

>

<

A afL‘Z T%

[1+0(1)] = BS\;;L“’) 3ot 13 e 3% [1 + o(1)] (51)
iy

0_3

where Ags(z1,0) = ?eérl. Taking the log of both sides and cancelling terms we see that
1

(k)2
2t

3

A(k)? - B a3 1 ax?
9 T logp(k) = iy log[Aps(z1,0)] + 31 T o(1) (52)

and equating the leading order and correction terms we obtain (50). This equating argument is made rigorous in
section 7.2 of [FJL12] and is a model-independent argument. m

4.3 Numerical results

Before delving into the numerics, we first recall the asymptotic relation

t _ k= 2 3 _ﬁ t
T(ht) = /Oﬁe fdu = ptie 14005 (53)

for k > 0 as t — 0 from (34), and we note (again) that the error term inside the bracket is O(7). We apply
this relation in the proofs of Theorem 3.1 and 4.1 for third and final integration (i.e. the outer integral of the
original triple integral, where we perform the final integration over ¢ using the Tanaka formula) and & is given by
k = argmin_ o j0e g d(7, yx (7),a*(2,y)). If we apply the saddlepoint approximation formula in Theorem 4.1 for
basket calls which are closer to the at-the-money value of K = 2 (and hence not unrealistically exponentially small in
price) % is not < 1, so the approximation does not work so well. Thus, in practice we recommend using the exact
(closed-form) expression for Y (k,t) given in (34) in terms of the Erf function for the final outer integral rather than the
asymptotic result in (34), but for completeness we compute numerics for both approximations, and the approximation
given in Theorems 3.1 and 4.1 still work very well for basket calls which are further from away from K = 2. This is an
issue with any small-time saddlepoint estimate for out-of-the-money call options under a stochastic volatility model,
and is not specific to basket call options or this article. We use the NMinimize command in Mathematica to perform
the minimization in computing A(k) = min, Hy (7, yx (1)).

In the first table below, we have tabulated the ratio of the approximate price of the basket call computed numerically
as a triple integral in Mathematica: P*"™int(K) := f;i_oo fyoi_oo faoio(ew +e¥ — K)Tpl (20, v0, ao; ,y, a, t)dadydz 3 to
the basket call saddlepoint approximation in (44) (which we call P$2ddl¢(K) see the first column on the table); in the
second column we compute the same ratio but we replace the saddlepoint approximation with the adjusted formula
where we use the exact expression for Y (k,t) for the final integration (we call this P*2d41eY(K)). The parameters here
are t = .003 (which is of the order of 1 day), and 0, = 0y = 04 = 1//10 ~ 0.316, Pzy = 0.01; pyqg = —.05; prq = 0.02.).
As expected we see that both saddlepoint approximations do not work as well as K tends to the at-the-money value
of 2 (because for K values close to 2 we are in the moderate, not the large deviations regime), but work very well for
larger out-of-the money K-values. The main purpose of this first table is not to show how well the approximation
works in practice (because for ¢ = 0.003 the basket call prices here are too low to be of practical use), but rather to
initially verify check that the formula is correct before applying it to more realistic scenarios, see next paragraph).

In the second table, we consider a more realistic maturity of ¢ = 0.02 (with the same parameters as above but now
Pay = 0.01, pye = .05 and pye = 0.2) and for the smaller strikes the basket call prices now take sensible values i.e. not
astronomically small, and we see that the Ps2d41e.T(K) approximation still works well. In this table we also compute
the implied volatilities 6 associated with P™™int(K) and psaddlepoint. Y (1) and the leading order implied volatility
computed from the first equation in Eq (50) (these numbers are plotted in Figure 5). In the final three graphs, we plot
these same three implied volatility smiles for three different sets of parameters with common maturity ¢ = .01.

3where p! is the leading order approximation to the true transition density given in (46)
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Figure 2: In the graph on the left, we have plotted P%addle(K) (grey) verses Prumint(K) (blue) for o, = 0, = 0, =
1/\/T ~ 0.316, pgy = 0.01, pya = .05 pye = 0.2 and ¢ = 0.02 (this is the data in the second table), and the parameters
values given above. In the middle plot we plot the saddlepoint approximation for the density of S} + S? (grey) verses
the density of S} + S? via numerical integration (blue), the former is just obtained by making a trivial adjustment to
the prefactors in front of the exponential in (47), similar to what we did for Figure 4 (the two density approximations
are so similar here that it is difficult to make out the blue curve underneath the grey one). In the right plot we plot
the corresponding implied volatility with the same colour scheme and we also plot the leading order implied volatility
60(K) using the formula in the first equation in Eq (50) (black dashed).

Note that we have not used Monte Carlo simulation anywhere because the usual Wilard[Wil97] conditioning trick
cannot be applied in this context because there is no closed-form expression for basket calls under the Black-Scholes
model. The other alternative would be to use importance sampling by changing to a measure under which the large
deviations event becomes likely, but this would involve very messy calculations of the geodesics for the hyerbolic metric
on H? with a full correlation structure..

K (t = 0-003) Il_;saddle((ll(()) Piaddle,T(g())

2.1 0.86086 1.010238

2.3 0.98603 1.008826

2.5 1.00044 1.009752

2.7 1.00138 1.006666

2.9 0.99875 1.002281

3.1 0.99957 1.002183

3.3 1.00928 1.011362
K (t — 002) Pnumint (K) Psaddle,'r (K) 1;:3:;?((}?)) (}numint,T (K) &saddle,’r (K) 5’0(K)
2.05 0.0090506 0.00914671 1.010619 0.23862 0.23745 0.22545
2.1 0.0020265 0.00204746 1.010308 0.23308 0.23248 0.22624
2.15 0.000313645 | 0.000316796 | 1.010046 0.23122 0.23085 0.22709
2.2 3.37991E-05 | 3.41335E-05 | 1.009894 0.23076 0.23052 0.22799
2.25 2.58363E-06 | 2.60899E-06 | 1.009816 0.23094 0.23077 0.22894
2.3 1.4354E-07 1.44944E-07 | 1.009781 0.23145 0.23132 0.22992
2.35 5.95334E-09 | 6.01137E-09 | 1.009747 0.23216 0.23206 0.23094
2.4 1.8942E-10 1.91261E-10 | 1.009719 0.23300 0.23291 0.23198

4We found a mistake in the Monte Carlo implementation of the previous version and graph it produced was overly flattering because it
was plotted in terms of implied volatility.
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Figure 3: Here we have plotted the implied volatility for P$2ddle(K) (grey) verses the implied volatility for PRumint(K)
(blue) verses the leading order implied volatility 60(K) (black dashed) for o, = 1.1/V/10, o, = 0, = 1/v/10 ~ 0.316
and t = .01 in all plots with pgy = pya = pze = 0 (left graph), and pyy = 0, pya = .03, pza = 0.02 (right graph) and
Py =0, pya = —.02, prq = 0.03 (lower graph)
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4.4 Quanto and spread options

It should be possible to adapt Theorem 4.1 to compute small-time asymptotics for a quanto option which pays (S} /S? —
K) = (eX+Y* — K)*, e.g. an option on the EUR/GBP exchange rate but with payout in dollars or a spread option
which pays (S} — S? — K); we defer the details for future research, but for the former case it is clear that yx (x) should
be changed to log K — .
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A  Proof of Lemma 3.2

The following result will be useful:

Lemma A.1 If k(z) is C? and strictly convex over [a,b], then m(z) == k(%2 — z) + k(%E2 + ) is strictly increasing

over [0, 254].

Proof. m/(z) = k" (%2 — z) + k" (22 + ) > 0, so m/(z) is strictly increasing over [0, 5%]. But m’(0) = —k/(%£2) +
k'(%E2) = 0. The result follows. m

Recall that g(z) = (log 2z)2. To simplify notation, we introduce

1 1-1
w(z) = ig”(z) = % , z2>0.

Then we have v/(z) = 21055_3, u”’(2) = 11_2#, u(e) = 0 and u(0+) = oo. Moreover, u(z) < 0 if and only if 2z > e.

e If K €(0,2¢), then u(3K) > u(e) = 0. Since u”(z) > 0 for all z € (0, ) D (0,2€) D (0, K), we know that u(z)
is strictly convex over (0, K). Recall that h(2) = g(2) + g(K — 2). Then by convexity of u, we know that
1- 1
ih’}((z) = u(z)+ulK -2 > 2u(§K) > 0. (A-1)

Since h (z) is strictly convex and h (2) = hx (K — z), there is a unique minimizer of hx(2) at 2* = $ K.

e The case K = 2e is easily verified.

o If K € (2¢,2¢2], using that v/ (K — z) = —Lu(K—z)= %ggﬁz), we see that u(K — z) is strictly decreasing

for z € (0, K—e%). Similarly, it can be easily seen that u(z) is also strictly decreasing for z € (0, K—e%) c (0, e%].
Thus $h%(2) = u(z) + u(K — z) is strictly decreasing for z € (0, K — e?). Furthermore, u(z) is strictly convex
for all z € [K —e?,e2] C (0,es ). By Lemma A.1, choosing choose a and b such that (a + b)/2 = 1K and
(b—a)/2=e2 —K/2 50 [a,b] = [K —e?,e?] we know that

SGE —y) = (K —y)+u(yK +y) (42
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is strictly increasing for y € [0,e? — 1K]. In other words, h(z) is strictly decreasing for z € [K — €3, 1K].
Overall, we have proved that h(z) is strictly decreasing for z € (0, $K], hence, there is at most one root to
W} (z) = 0 over (0,1K). By B}’(((H—) = oo and h}(3K) < 0 we have “he existence and uniqueness of the root
to h.(z) = 0 over (0, %K) Denoting this root by g1, then by symmetry, hx(z) is strictly convex on (0,y1),
strictly concave on (y1, K — y1), and strictly convex on (K — y;1, K). This implies that there is exactly one
root to h(z) = 0 over (0,y;). Otherwise, we would either have at least one root to h%(z) = 0 over (0,y;), or
0 = W (3K) < hi(y1) < 0, which is a contradiction. Denoting this root by z*, then we have two minima of

hi(z) at z* and K — z*.

e If K € (22, 00), then using the facts that u(z) is strictly decreasing for z € (0, 2], and that u(K — z) is strictly

decreasing for z € (0, K — 2] D (0,e2], we know that 10} (z) = u(z) + u(K — z) is strictly decreasing for all

€ (0,e2] C (0, 1K). Moreover, since u(e?) < u(e) = 0 and u(K —e2) < u(e) =0 (since K > 2e3 > e +e2)

we know that %A, (e%) < 0. But A% (0+) = oo, we know that there is a unique root to h%(z) = 0 over (0,e3).

, QK}, we have z > e and K — 2z > ¢, so u(z) < 0, u(K — z) < 0, and %ﬁ’f’((z) < 0 for all

z € [62 3 K]. By the same argument as the last bullet point, we can now establish the existence of two minima
at z* € (O,e%) and K — z*.

Finally, for all z € [e?

3
B Computing E(a; 7T, ")

2

The joint density of (a, Tt) can be found in [MYO05]. It particular, P(a; € da,dT; € dI) = e\;g =a exp(— 1+“ Y (t)dadl

where ¢, (t) = [~ dz e~ reoshz ginh zsin 22 for all r,¢ > 0. From (14) of [FZ14] it is known that [¢,(t)] < L. Thus,

L
€ 2t

IN

m// ff?f P )

75** 1+4a? dI
= /da/ exp(— i )ﬁ

%_
p— d
1Jra2 “

E(afT") = / / a?I7'Pa, € da,dT, € dI)

00+

ﬁ]

(9]
o
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