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Abstract

We compute E(X¢|(Xs)o<s<z) for the standard Bacry-Muzy log-correlated Gaussian field
X with covariance log™ :S, which corrects the finite-horizon prediction formula in Vargas et

al.[DRV12]. The problem can be viewed as a linear filtering problem, and we solve the prob-
lem by showing that the L*(P) closure of {f[o L d(s)Xsds : ¢ € S, supp(¢) C [0, L]} is equal to

{X(®): ¢ € H 2, supp(¢) C [0, L]}, where X(¢) is defined as a continuous linear extension of
X acting on S C H®, H® denotes the fractional Sobolev space of order s and P is the law of the
field X on the space of tempered distributions. The explicit formula for the filter is obtained as
the solution to a Fredholm integral equation of the first kind with logarithmic kernel. From this
we characterize the conditional law of the Gaussian multiplicative chaos (GMC) M, generated by
X, using that M, is measurable with respect to X. We also outline how one can adapt this result
for the Riemann-Liouville GMC introduced in [FFGS19], which has a natural application to the
Rough Bergomi volatility model in the H — 0 limit."

1 Introduction

Originally pioneered by Kahane[Kah85], Gaussian multiplicative chaos (GMC) is a random measure
on a domain of R? that can be formally written as

M, (dz) = X 37 EXD gy (1)
where X is a Gaussian field with zero mean and covariance K (z,y) := E(X,X,) = log" ‘yiﬂ +g(z,y)
for some bounded continuous function g. X is not defined pointwise because there is a singularity in
its covariance, rather X is a random tempered distribution, i.e. an element of the dual of the Schwartz
space S under the locally convex topology induced by the Schwartz space semi-norms. For this reason,
making rigorous sense of (1) requires a regularizing sequence X< of Gaussian processes (with the
singularity removed, see e.g. [BBM13] and [BMO03] for a description of such a regularization in 1d
based on integrating a Gaussian white noise over truncated triangular region, which is summarized in
Section 2.3 in [FFGS19], or page 17 in [RV10] and section 3.4 in [Shal6] for a general method in R¢
using a convolution to smooth X). In most of the literature on GMC, the choice of X¢ is a martingale

in €, from which we can then easily verify that M:(A) = I e Xe= 37 Var(X0) gy is a martingale, and
then obtain a.s. convergence of MS(A) using the martingale convergence to a random variable M, (A)
with E(M,(A)) = Leb(A), and with a bit more work we can verify that M,(.) defines a random
measure (see the end of Section 4 on page 18 in [RV10]).

If v* < 2d, M<(dx) = X2V E(XD)*) gz tends weakly to a multifractal random measure M., with
full support a.s. which satisfies the multifractal property

E(M,([0,))%) = ct¢? (2)
for ¢ € (1,¢*) for some constant ¢, = E(M,([0,1])?), where ¢* = %2 2 and
L o/ o
@ = a¢-57(@~a)
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and E(M,([0,t])) = oo if ¢ > %, see Theorem 2.13 in [RV14] and Lemma 3 in [BMO03]). Moreover, we
can show that the support of M., is a so-called y-thick points of X, i.e. points such that lim._,o % =7
(see e.g. section 2 in [Arul?], [Berl7] and page 7 in [RV16] for more on this), and for g = 0, explicit
expressions are known for the Mellin transform of the law of M, ([0,1]) (see e.g. [Ost09], [Ost13],
[Ost18]), which show that log M, ([0,1]) has an infinitely divisible law, and an explicit formula for
sampling the law of the total mass of the GMC on the interval is given in [RZ17].

M, is the zero measure for v = 2d and 7* > 2d; in these cases a different re-normalization
is required to obtain a non-trivial limit. Specifically, for v2 = 2d, we obtain a non-trivial limit by
considering |/log 1 - M2=% as € — 0 or the “derivative measure” %e”fxs_%”yzvar(xs)hzm. [DRSV14]
show that both these objects tend weakly to the same measure p’ as e — 0, and in 2d Aru et al.[APS19]
have shown that 21\{ Ww — 24/ in probability as 7 tends to the critical value of 2, and the critical y-value
is particularly important in Liouville quantum gravity (again see [DRSV14] for further discussion).
One can also construct a GMC for the super-critical phase v > /2, using an independent stable
subordinator time-changed by a sub-critical GMC (see section 3 in [BJRV14]) to construct an atomic
GMC with the correct (locally) multifractal exponent for y-values greater than /2, which is closely
related to the non-standard branch of gravity in conformal field theory.

In the sub-critical case, using a limiting argument it can be shown that M, satisfies the “master
equations”: M (X + f,dz) = X7 M(X,dz) and E( [, F(X, 2)M,(dz)) = E([, F(X +7*K(z,.), 2)dz)
for any measurable function F' and any interval D, which comes from the Cameron-Martin theorem
for Gaussian measures and the notion of rooted measures and the disintegration theorem (see section
2.1 in [Arul7] for a nice discussion on this). Moreover, either of these two can equations can be taken
as the definition of GMC, and they uniquely determine M., as a measurable function of X, and hence
also uniquely fix its law (see also Theorem 6 in Shamov[Shal6].

GMC also has a natural and important application in Liouville Quantum Field Theory; LQFT is
is a 2d model of random surfaces, which (formally) we can view as a random metric in the context of
quantum gravity, where we weight the classical free field action with an interaction term given by the
exponential of a GMC and can be viewed as a toy model to understand in quantum gravity how the
interaction with matter influences the geometry of space-time.

2 Construction of the standard Bacry-Muzy GMC on the line

Define the Gaussian process we(t) as in Eq 7 in [BBM13] with A = 1 (except here use ¢ instead of 1),
and set Xf := w.(t) — E(wc(t)), so

xe = / AW (u, 5) (3)
(u,s)€AL(t)

where dW (u, s) is 2-dimensional Gaussian white noise with variance s~2duds, and A.(t) is triangular
region defined in Eq 8 (and Figure 1) in [BBM13]. Then

log £ e<7<T
Re(s,t) = E(X{X;) = logLf +1-T r<e¢ (4)
0 T>T

where 7 = |t — s| (see Eq 10 in [BBM13]), and one can easily verify that
T
Rs(sat) < IOg - = R(Svt) (5)
T

for s,t € [0,T] (see Eq 25 in [BMO03]). Using (3), we also see that

’ 1
E(X;X:) = E(/ dW(u,v)/ dW(u,v)) = / —dudv = E(X;X7)
(u,v)EAL(t) (u,v)EA/(s) Ac(t)NAc(s) U

for 0 < &’ < e (i.e. the answer does not depend on &’). We now define the measure
ME(dt) = eXimaVarXDgy,

One can easily verify that MS (A) is a backwards martingale with respect to the filtration F, :=
oc(W(A,B): ACR", B C [g,00]) (see e.g. subsection 5.1 in [BM03] and page 17 in [RV10]) and

sup E(MS(A)?) < oo (6)

e>0



(Lemma 3 i) in [BMO03]), so from the martingale convergence theorem, MZ(A) converges to some
random variable M., (A) in L9 for ¢ € (1,¢*), and from the reverse triangle inequality this implies that

lim E((MZ(A))T) = E(M,(A)7) (7)

e—0

Moreover, one can show that M., (.) defines measure (see e.g. end of Section 4 on page 18 in [RV10]),
and since M3 (A) — M, (A) a.s. for any Borel set A this implies weak convergence of M5 to M, a.s.
(from e.g. Theorem 3.1 parts a) and f) in Ethier&Kurtz[EK86]).

Moreover M., is multifractal, i.e. E(|M,([0,])]7) = c,7t°@ (see e.g. Lemma 4 in [BMO03]) for
some finite constant ¢, > 0, depending only on ¢ and T'. For integer ¢ > 1, we also note that

2 o T
E(M,(A)T) = // ¢ Zrsi<isa! & T =T du...duy
A A

/_._/672‘1(‘1*1)IOgTJFZngqulOg |u4iiuj\dui._.duq — T”zq(q_l)E(Mv(A)q)
A Ja

so we see that

2
_ v~ q(g—1)
cqr = cqT

where ¢, := ¢41, and this also holds for non-integer ¢ (see e.g. Theorem 3.16 in [Koz06]).

3 The conditional law of the standard log correlated Gaussian
field

Consider a standard log-correlated Gaussian field Z on R with covariance R(s,t) = log™* Itfisl From
the Minlos-Bochner theorem, we know that the law of Z is a Gaussian measure on the space S’ of
tempered distributions (see e.g. [DRSV17] and Appendix A in [FFGS19] for more details on tempered
distributions) which is the dual of the Schwartz space S (see e.g. section 2.2 in [DRSV14] and Theorem
2.1 in [BDW17]). Moreover, S is a Montel space and thus is reflexive, i.e. (S’) is isomorphic to S
using the canonical embedding of S into its bi-dual (S")’. From here on, we are only concerned with
the restriction of Z to [0,7] (on which the covariance of Z is just log ﬁ, so we set Z equal to zero
outside this interval for simplicity.

Proposition 3.1 X¢ tends to X in distribution with respect to the strong and weak topology (see page
2 in [BDW17] for definitions), where X has the same law as the field Z defined above.

Proof. 0 < R.(s,t) < R(s,t) for s,t € [0,T] (see (5)), so from the dominated convergence theorem,
we have

lim/ ¢1(s)¢2(t)Re(s, t)dsdt = / p1(s)p2()R(s, t)dsdt (8)
(0,772 [0,7]

e—0

for any ¢1,¢2 € S, where R.(s,t) is defined as in (4). Similarly, for any sequence ¢, € S with
|k |lm,; — 0 for all m, j € Nij for any n € N (i.e. under the Schwartz space semi-norm defined in Eq
1 in [BDW17))

lim br(s)pr(t)R(s,t)dsdt = 0 (9)
k—o0 [0,7]2

since v(A) := [, R(s,t)dsdt is a bounded non-negative measure (since fOT fg R(s,t)dsdt < o), and
the convergence here implies in particular that ¢; tends to ¢ pointwise, so we can use the bounded
convergence theorem. Thus if we define

Lxe (f) E(ei(f,XE)) _ 6_%‘[[0’7‘]2 f(s)f(t)Re(s,t)dsdt

L(f) = e domp IO WREedsd

for f € S, then from (8) and (9) and Lévy’s continuity theorem for generalized random fields in the
space of tempered distributions (see Theorem 2.3 and Corollary 2.4 in [BDW17]), we see that £x-(f)
tends to L£(f) pointwise and £(.) is continuous at zero, then there exists a generalized random field
X (i.e. arandom tempered distribution, such that Lx = L and X¢ tends to X in distribution with
respect to the strong and weak topology (see page 2 in [BDW17] for definition). m



In general, the conditional expectation of a random variable is equal to its projection onto the
Gaussian Hilbert space (sub-Hilbert space of L?(Q, F,P)) generated by the variables on which we are
conditioning. To this end, we let I denote the Hilbert space given by the L?(S, Fz,P) closure of

P = {X(¢): ¢ €S, supp(¢) € [0, L]}

where Fi, = 0((Xy)o<u<r). The closure here is necessary because the notion of orthogonal projec-
tion requires the Hilbert space structure, and there is no guarantee that the conditional expectation
E(X ()| FL) will be a random variable of the form fo 1] Xsp(s)ds with ¢ € S.

In order to characterize F, we first note that

/XS¢> )ds)? // s, )p(s)o(t)dsdt .

From Egs 2.1 in [DRV12], we also know that

dlell, 4 < v//ﬁﬂawdﬁ¢@M&ﬁ < cléll, ; (10)

where 0 < ¢ < C < co. Let H® denotes the fractional Sobolev space of order s (see e.g. Section 2.2
in [JSW18] for definitions). Then we can put two inner products on the linear space S of Schwarz
functions:

L. {(¢,v) 1= f (1+ |k|? )2 (k )w( )dk (i.e. the standard inner product on H~2)
2. (¢,9) =E[X = [ [ #(s)p(t)R(s, t)dsdt

Eq2.2in [DRVIQ] shows that these two inner products are equivalent and thus generate the same
topologies on S.

We now make the following observations:

e Let ¢ € H™ 2, with supp(¢) C [0, L]. S is dense in H~2, so there exists a sequence ¢, € S with
supp(én) C [0, L] such that ||¢, — ¢HH,% — 0, and ¢ is a Cauchy sequence in H™2 so (by the
equivalence of norms) X(¢,) is a Cauchy sequence in F, and thus converges to some Y in F.
This defines X (¢) := Y as a continuous linear extension of X from S to the larger space H -3,

which we will also often write as [ ¢(t)Xdt. To check that X (¢) is uniquely specified, consider
two such sequences ¢,, and ¢,. Then from the triangle inequality

lén =l 2 < lén—oll, 1 +l6=4ll, , — 0

and thus (by the equivalence of norms) we have || X(¢n) — X(¢),)|l2s,7,p) = [ X(dn) —
X(@)llF = 0.

e Conversely, for any Z € F, there exists a sequence ¢, € S such that X(¢,) converges to
Z € L*(S, Fr,P), so ¢, is a Cauchy sequence with respect to the second norm defined above,
and hence also a Cauchy sequence with respect to the H ~% norm (by the equivalence of the two
norms). H ~2 is a Hilbert space so Cauchy sequences in H —3 converge i.e. there exists a ¢ in
H~% such that Gn — ¢ € H 3.

Thus we have shown that
F = {X(¢):6€H = supp(¢) C [0, L]}
where we are using the extension of X to H =2 on the right hand side here as defined in the first bullet
point above.
Moreover (since E(X (¢)|Fz) € F) we see that for any ¢ € S

E(X(¥)1FL) = [OL]Xskw(S)dS = X(ky)

for some ky(s) € H=%([0, L]), where X(.) in the final expression is the linear extension we have just
defined. This analysis shows that F' is isometrically isomorphic to the set of functions in H ~2 with
support in [0, L].

Moreover, we can now extend the inner product to H ~2 as
@) = Jtm BXG)X@) =t [ [ ousen(oRG. Odsi

where ¢, ¢n €S and ¢, — ¢ in H~2 and 1, — 1 in H 2.



Proposition 3.2 X ¢ H= 279 q.. for any 6 > 0.

Proof. The proof is almost identical to Proposition 2.1 in [FFGS19], but since some of its arguments
are needed for the next Proposition as well, we have put a proof in Appendix A. =

Remark 3.1 One can actually show the stronger result that X € H=% C H™% as. for any d > 0, but
we will not need this here (see also [BDW17]).

Proposition 3.3 X® — X in H~2% in probability for any 6 > 0, where X¢ is defined as in (3).

Proof. See Appendix B. =

We know that for any ¢ € S with supp(¢) C [L, T}, the conditional expectation E(X (¢)|FL) =
X (ky) minimizes

E((X () - Y)?)

over all Y € L*(S, FL,P), and ]E((f[L 7 Xew(t)dt — E(f[L 7 Xep(t)dt | FL))Z) = 0 for all Z € Fp, so
in particular setting Z = f[o L a(s) Xsds for 1o € S with supp(¢2) C [0, L], we see that

0 = E((X(¥)— X(ky))X(¢2))
B([ o) Xdt— / by (W) Xudu) | ta(s)Xods)

[L,T] [0,L] [0,L]
_ / D0 (s)R(t — s)dsdt — / R(s — w)k (w)ths (s)duds (11)
L,11J[0,L L,T] J[0,L]
In (13) below we construct an explicit solution k:(.) to
0 = E(X;— / E(u)X,du)Xs) = R(s,t) — R(u, s)ki(u)du (12)
[0,L] [0,L]
for s € [0, L], with k; € supp(y) C [t, T, which implies that (11) holds if we set ky (u f[L 7] () ke (u)dt

Proposition 3.4 The covariance operator R = fOT (s,t)p(s)ds acting on H~z is positive definite,
and fo t)o(s)ds = 0 if and only if ¢ =0 Lebesgue a.e.

Proof. From the discussion on page 4, we know that bilinear form R is (up to an equivalence) the
inner product on H~2 so it has to be positive definite (from the deﬁnition of a norm), and thus

fOT R(s,t)p(s)ds # 0 if ¢ # 0, since otherwise R(¢, ¢) = fo fo (s)dsp(t)dt =0. m

The integral equation in (12) (with ¢ fixed) is the well known Wiener-Hopf equation. We refer the
reader to [Poor94] for more details on the Wiener-Hopf equation in the context of ordinary Gaussian
processes.

Corollary 3.5 Proposition 3.4 shows that the Wiener-Hopf equation in (12) has a unique solution.

If t < T (so we can replace log" with log), we can re-write (11) as

T
k¢(u)log du = f(s) = log
/[O,L] () |s — ul ) t—

and we see that this is now a Fredholm integral equation of the 1st kind with logarithmic kernel, which
can be solved explicitly by a minor extension of page 299 in [EK00] (who consider T' = 1) to give

EVo(L—v) f'(v ct (¢t —Du+t—ct—+/t{t— L)
kt u = = 13
() 7T2 0 u(L—u) U—U v T/ u(L — u) m(u—t)y/u(L — u) (13)

where the integral in the second expression is understood in the principal value sense, and

L 1 L 1 t—v
/k‘t(U)du - . / BT 4 < .
0 m(log(;L) —logT) Jo /v(L —)




We now verify that ky(u) € H=2. To this end, we first note that

L L—v

log == i log%

et 4 < /Lwdv < [T losm
0o u(L—wv) 0o u(L—v) o u(L—v)

L

L
Wlogz—wlogT = dv < mwlogt—mlogT.

(¢t —Du+t—cit —/t{t—L)
m(u —t)\/u(L —u)

C1

(t —u)y/u(L —u)

Luer,mlteiy < hlu,t) Luerz,mleelr,

for some constant ¢;. We know that

/ ([ worpdid < |yl / (/ (o, £)[7)du) s dt (14)
[L,T] J][0,L] [L,T]

s

and setting p = % we find that

/ [h(u,t)|P)du = G(t) := const. x
[0,L] t

which implies that

/ Gt)rdt < oo
[L.7)

so for p = 2 the double integral in (14) is finite, so (from the Minkowski integral inequality) f[L 7) h(.,t)dt
and thus f[L)T] Y(t)k(.)dt € LP, and hence its Fourier transform is in LY = L? where 1/p+1/q = 1,
and thus is O(|¢]757°) for € > 1 and O(|¢|75%) for £ < 1.

Hence

1yl -1

/ (142 / [ POk gyt due

/m(1+\52|)—%/ et Y()ki(u)dt dudé < oo
o [0,L] [L,T)

which verifies the validity of our explicit solution for k,(t).

Remark 3.2 Corollary 3.3 in [DRV12] gives the following nice prediction formula for a log-correlated
Gaussian field X with covariance log ﬁ: 3

0
E(Xt|(Xs)s§O) = %[ (t\s/)i/isXSds

which we can verify satisfies the associated Wiener-Hopf equation (and is also very similar to the
predicition formula for the Riemann-Liouville process in Proposition 2.9 in [FSV19] in the H — 0
limit). However the prediction formula for the finite history case stated in Theorem 3.5 in [DRV12]
appears to be wrong since numerical tests confirm that it does not satisfy the Wiener-Hopf equation.
Our linear filter f[07 I ki(u) X, du corrects this formula for the case when L 4+t < T.

Remark 3.3 Clearly if t — L > T, the history of X over [0, L] is of no use for prediction since in
this case E(X;X;) = 0 for s € [0,L], and the conditioned process then has the same law as the
unconditioned process.

3.1 The conditional covariance

We use Er(.) as shorthand for E(.|(Xy)o<u<r). Then from the tower property we see that
E((X; — Ep(X:))(Xs — EL (X))

E(EL((X: —EL(X:))(Xs —EL(Xy))))
EL((Xt - EL(Xt))(Xs - ]EL(XS)))

3i.e. log not log™



and the final equality follows since the conditional covariance of a Gaussian process or field is determin-
istic, and does not depend on its history. Given k;(u), we can now compute the conditional covariance
in the final line explicitly (for s,¢ € [L,T]) as

Ri(s,t) = Ep((X;—Er(X))(Xs — EL(Xs)))
= E((X; —EL(Xy))(Xs — EL(Xs))
_R((X - / (1) Xudu) (Xs — | ka(0) Xodo)
[0,L] [0,L]

— R(sit) — /[O,L] ke () R, 5)du — /

ks(v)R(v, t)dv —|—/ / ki(u)ks(v)R(u, v)dudv .
[0,L] [0,L] J[0,L]

4 Application to Gaussian multiplicative chaos
4.1 Rooted measures

Proposition 4.1 (see also Lemma 2.1 in [Arul7] and Theorems 4 and 17 in [Shal6]). We have
the following “master equation” for any bounded continuous function F on H-379 x [0,T]) (under

the product topology induced by the Hilbert space norm on H=27% and the usual Euclidean metric on
[0,7]):

1 1

T T
fE(/O F(X, )M, (dt)) = fE(/O F(X +~yR(t,.), t)dt. (15)

Proof. See Appendix C.* m

Corollary 4.2 M, is measurable with respect to X.

Proof. H = H~27% x [0,T] is a metric space, so if z and v are two finite Borel measures on A then
[ fdp= [ fdv for all f € C,(H) means that u = v, so the left hand hand side of (15) uniquely defines
a measure P* on H x [0, D] which satisfies

T
%E( /0 F(X, )M, (dt)) = / / F(w, )P* (dw, dt)

where
1

1 1
P*(dw, dt) = TE(lXedev(wvdS)) = TQX(dW)Mv(Mdt) = TE(IXJrvR(t,.)de)dt

1
P(X +7R(t,.) € dw) dt

where Q¥ denotes the law of X on H-39,

Moreover, if F' =1, %]E(fOT F(X,t)M,(dt)) = 1, so P*(dw,dt) is a probability measure, known as
a rooted or Peyriére measure (see [Arul7] and [Shal6] for more on this). Moreover, using a similar
argument to the third bullet point in Appendix C, we know that the conditional law of P* given X is
M, (dt)/M,([0,T]) and from the disintegration theorem, we know that this (probability) measure is a
measurable with respect to X. Then using a similar argument to the second bullet point in Appendix
C, if we take the sample space €2 to be H~3% with o-algebra O'(H_%_é), then the “tilted” probability
measure QX (dw) := 7M,([0,T])QX (dw) on (2, F) is the marginal law of P* on H~ 279 (where Q¥
is the law of X on H~27%) and Q¥ < Q¥, so &M, ([0,T])(w) is the (a.s.) unique Radon-Nikodym
derivative of fo with respect to Q¥, which is a measurable function of w. Thus we have shown that
M, (dt)/M,([0,T]) and M,([0,T]) are measurable wrt X and thus so is M,. =

4.2 The conditional law of M,
From the Corollary above, M, (dt) is a measurable wrt X, so M, given (X )o<s<z, is just obtained as
My ((X)o<s<r © X', dt) (16)

where @ denotes concatenation, and X’ is a Gaussian field (which is also a random element of S’)
on [L,T] with mean E(X;) and covariance Rp(s,t). This then uniquely specifies the law of M,
conditioned on its history over [0, L].

4We thank Juhan Aru for his help with multiple parts of this proof.
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Figure 1: Here we have plotted a Monte Carlo simulation of the multifractal random measure M, (dt)
on [0, 1] with v = 0.20, 0.45 and 1 using the regularized autocovariance log™ It\% for € = .000001, and
we see greater intermittency as < increases.
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Figure 2: In the first three graphs we have plotted the optimal linear filter k(u) in (13) associated
with the multifractal random walk with L =1, T'= 2 for ¢ = 2,1.5 and 1.00001 respectively, and the
numerics confirm that the Wiener-Hopf equation is satisfied (Mathematica code available on request),
and k(u) is U-shaped and strictly positive for all u € [0, L] for ¢ sufficiently small



4.3 Conditional law of the Riemann-Liouville field

Formally letting H — 0 in the prediction formula for the Riemann-Liouville process in Proposition 2.9
in [FSV19] in the H — 0 limit, we obtain the following conditional law for the Riemann-Liouville field
Z defined in section 2 in [FFGS19):

Proposition 4.3 Z has conditional mean and covariance given by
t —
E(Zul(Zv)o<v<t) = / k(s)Zsds (17)
0
sAu

COV(ZS7 ZU‘(ZU)Oﬁvgt) = [ (u — U)ié (5 — U)*%dru

for u > t, where k(s) = %(“_t)% 1

t—s

Remark 4.1 This is essentially the same type of linear filter that we have obtained in section 3 for
the Bacry-Muzry field. To make this rigorous, we can consider Y; = e%; then one can verify that
Y is a strictly stationary Gaussian field with covariance Ry (s,t) = R(7) := 2tanh™'(e~2/7l) where
T =1t — s, and from Parseval’s theorem (similar to Eq 2.1 in [DRV12]) we obtain

[ [ otwony(s.odsae = [ R o) P

~ —iH7liik+iHil+ik+27rtanh(k7r)
where R(k) = 2 VeT

continuous, strictly positive and decreasing with R(0) < oo and R(|k|) ~ Ikli\/? ~ const. x (14 |k|?)~2

and H,, denotes the nth harmonic number. Then R(|k|) is

as |k| — oo. Hence (10) still holds with R replaced by Ry and we can then repeat our previous
arguments to make (17) rigorous (after transforming back from Y to Z). In [FFGS19] we define the
GMC associated with Z (which we call ¢,) and one can show that &, is also measurable with respect
to Z so (16) still holds with M., replaced by &, and X replaced by Z.
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A Proof of Proposition 3.2

BOXIE, ) = E([ (44015 an

— 00

= B([ @)

— 00

9] T T
= E(/ (1 + |k‘2)—%—5/ eiktXtdt/ e—iksXstdk_)
0 0

— 00

e’} T T
= E(/ (1 + |k‘2)—%—6/ / eik(t—s)Xth dsdtdk)
0 0

— 00

) T T
= / (1+|k\2)*%*5/ / R =) R(s, ) dsdtdk
0 0

— 00

Using that R € L'([0,T]?), we see that [*°_(1+[k[2)"270 [ [T E(X,X,)dsdtdk = [, [. R(s,t)dsdt-
[+ k|2)~ 2%k < oo iff § > 0, so by Fubini we have

T T o0
BUZI, 40 = B([ [ Rt [ MO0 k) Sdkdsde)
0 0 —00

T pt

= 205/ /R(s,t)(t—s)éBesselK(é,t—s)dsdt
o Jo

< 05/ R(s,t)dsdt < oo (A-1)
[0.7]>

where we have used that the Fourier transform of f(k) := (1+ |k|2)"27% is f(t) = cs|t|°BesselK (9, |¢])
for some real constant cs, and that t°BesselK(d,t) is bounded on [0,7] if § > 0. For § < 0, the
integrand in the triple integral in the first line is not absolutely integrable.

B Proof of Proposition 3.3

Using that
X(s,t,e,62) = =B((X7* — XP)(X3* — X7)) = Rey(st) —E(XZX7) —E(XXP?) + Re(s,t) — 0
= Re,(s,t) - E(XJY9X7Y®) — E(XJY9 X7Y2) + Re(s, )

as €,e2 — 0 and that |x(s,t,e,e2)| < 4R(s,t), we can use a similar argument to (A-1) and the
dominated convergence theorem to show that

]E(||X52—X€H2 1) < CE/ X(s,t,e,e9)dsdt — 0 (B-1)
Hz [0,7]2

as €,69 — 0, so X¢ is a Cauchy sequence in the Hilbert space L?(Q, F,P; H*%*‘s) of H™z %-valued
random variables X with E(”XHirl*‘s) < 00, and thus converges in this space. Using that
2

2

1
PX — XN,y > k) < 5B(IZ% - X )

the claim is proved.

C Proof of Proposition 4.1

Similar to the analysis before Lemma 2.1 in [Arul7] with rooted measures, we let D = [0,7] and we
can define a sequence of approximate “rooted” probability measures P on D x H —3

dt )
Feldtdw) = D) 140 =37 EXIQY (du)

6&8

where Q%" denotes the law of X on H~2% and X¢ is defined as in (3). Then

e The marginal law on D is

dt xe 1.2 2 dt
FQ yw(t) =37 E(XD)y —
Tb) & ) Leb(D)

i.e. the uniform probability measure on D.



o= FVE(XD) gy

e The marginal law on H~ 279 is Toh (D) QX (dw) = fﬁiig% QX" (dw), i.e. the law of X*
tilted by M3 (D)/Leb(D).
.. . . - Y@ (D= F7E(X2) ME (dt)
e The conditional law on D given w is the probability measure: NE(D) dt = MZ( D) -

e The conditional law on H~ 2% given ¢ is ¢?*()~27EXIHQX"(dw). From Girsanov’s theorem
(see e.g. section 6.1 in [Varl7]), we can re-write this as

Q(X*® +~vR(.,t) € dw) (C-1)
Thus we can sample from P¥ by either (i) sampling from %@X “(dw) and then sampling a point

according to M5 (dt)/M5(D), or ii) sampling ¢ from the uniform measure on [0, 77, and then sampling
X +~vR.(.,t), with X¢ independent of t. Combining these two prescriptions, we see that

3 T c(d T

which we can re-write as
T T
B[ FOC0Mi@) = B([ FOC 43R, 0. (C-2)
0 0
We first consider the left hand side of this expression as € — 0. To begin with, we note that
T T
B[ POC0M @) - [ P M, ()
0 0
T T
< IE([ (POC0) = FOGOM; @) + B[ FOLOQL = M@) (C-3)
and we can bound the first term in the final expression using Holder’s inequality as
T
E(/ (F(X5,1) — F(X,t)M5(dt) < E(sup [F(X%,t)— F(X,t)]- M5([0,17))
0

t€[0,T]

< E(( sup |F(X®,t) = F(X,0)))P)¥ - E((MZ([0,T])%)7 (C-4)

te[0,7]
for 1/p+1/q =1, and from (2) we know that
E(M([0,T)Y) = ¢T¢9 < oo
for any g € (1,¢%) = '%2

We claim that supcp 7y [F(X%,t) — F(X,t)| — 0 a.s. Indeed, suppose to the contrary. Let
fe(t) == F(X¢,t) and f(t) := F(X,t). If the claim is false, f. does not tend to f uniformly on [0, T},
so there exists a sequence €, — 0, a § > 0 and a sequence t,, € [0, 7] such that

|f6n (tn) - f(tn)| > 0 (C-5)

for all n € N. But by Bolzano-Weierstrass, we can choose a convergent subsequence (¢, ) of (t,) with
tn, — too € [0,T]. Then fen, (tn,) = F(X®r&,t,, ) and f(tn,) = F(X,t,, ). From Proposition 3.3 we

know that X¢ tends to X in H—2 % in probability, and thus almost surely along a further subsequence
. . €n
Eny,» thus (by continuity of F' in both arguments) F(X "*i ,tnkj) — F(X,t) a.s. and hence

P ) = Pt )| = e, () =t )| =50 (c-6)
a.s., which violates (C-5). Hence the right hand side of (C-4) tends to zero (along any subsequence)
for ¢ € (1,9%)

The term fOT F(X,t)(M5(dt) — M, (dt)) inside the expectation on the right hand side of (C-3)
converges to zero a.s. since M: tends weakly to M., a.s. (see top of page 3 for details) and the random
F(X,t) is continuous in ¢ for each w. Moreover

/OF(XJ)(Mi(dt)—Mw(dt)) < [l (ME([0,T1) + My ([0, TT)) -

From (6) we also know that MZ([0,T]) is uniformly integrable, so by e.g. the Theorem in section 13.7
in [Wil91], the rightermost term of (C-3) tends to zero

Finally, the right hand side of (C-2) converges by the a.s. convergence of X¢ to X in Proposition
3.3 and the bounded convergence theorem.



