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ABSTRACT. We characterise the asymptotic smile and term structure of implied volatility in the Heston model
at small maturities. Using saddlepoint methods we derive a small-maturity expansion formula for call option
prices, which we then transform into a closed-form expansion (including the leading-order and correction terms)
for implied volatility. This refined expansion reveals the relationship between the small-expiry smile and all
Heston parameters (including the pair in the volatility drift coefficient), sharpening the leading-order result
of [Forde, Jacquier, ‘Small-time asymptotics for implied volatility under the Heston model’, IJTAF, 12(6): 861-

876, 2009] which found the relationship between the zero-expiry smile and the diffusion coefficients.

1. INTRODUCTION

Stochastic models are used extensively by traders and quantitative analysts in order to price and hedge
financial products. Once a model has been chosen for its realistic features, one has to calibrate it. This
calibration must be robust and stable and should not be too computer intensive. This latter constraint often
rules out global optimisation algorithms which are very slow despite their accuracy. For this reason closed-form
asymptotic approximations have grown rapidly in the past few years. They have proved to be very efficient
(i) to provide some information about the behaviour of option prices in some extreme regions such as small or
large strikes or maturities (where standard numerical schemes lose their accuracy), (ii) to improve calibration
efficiency. Indeed one can first perform an instantaneous calibration on the closed-form and then use this
result as a starting point to calibrate the whole model. In practice calibration is often performed using the
implied volatility—i.e. the volatility parameter to be used in the Black-Scholes formula in order to match the
observed market price—rather than option prices.

For these reasons, there has recently been an explosion of literature on small-time asymptotics for stochastic
volatility and exponential Lévy models (see [B], [[@], [8], [9], [I0], [i4], [05], [06], [24] and [Z2]). All these articles
characterise the behaviour of the Black-Scholes implied volatility for European options in the small-maturity
limit. Varadhan ([28], [29]) and Freidlin & Wentzell [I3] initiated the study of large deviations for strong
solutions of stochastic differential equations, and showed that on a logarithmic scale the small-time behaviour
of such a diffusion process can be characterised in terms of a distance function on a Riemannian manifold,
whose metric is equal to the inverse of the diffusion coefficient. Higher-order expansions in powers of the small
time parameter have extended these seminal works. Molchanov [21] provided a rigorous probabilistic proof
of this heat kernel expansion at leading order, and Bellaiche [2] improved this expansion for non-compact

manifolds under mild technical conditions.
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In mathematical finance, Henry-Labordere [[6] was the first to introduce heat kernel methods to study
asymptotics of the implied volatility, both for local and for stochastic volatility models, and initiated a stream
of research in this area. For one-dimensional local volatility models Gatheral et al. [Id] provided a rigorous
proof of the small-time expansion—up to second-order in the maturity—for the transition density and for the
implied volatility. On the analytic side, Berestycki et al. [8] showed that for a stochastic volatility model with
coefficients satisfying certain growth conditions, the small-maturity implied volatility is given by a distance
function obtained as the unique viscosity solution to a non-linear eikonal first-order Hamilton-Jacobi PDE.
Paulot [24] derived a small-time expansion for call options under a general local-stochastic volatility model
(including the SABR model) by applying the Laplace method to integrate the heat kernel over the range of
the volatility variable. It is interesting to note that the small-maturity at-the-money implied volatility has a
qualitatively different behaviour than the rest of the smile and cannot be dealt with in the same way.

This heat kernel asymptotic approach however does not apply to the Heston model (1) where the variance
process follows a square-root diffusion, since the associated Riemannian manifold is not complete (see [I8,
Chapter 6] for more details about this phenomenon). Using the affine properties of the Heston model, Forde
and Jacquier [9] developed a large deviations approach to obtain the small-time behaviour of the implied
volatility (the large-maturity case is treated in [[1] by analogous arguments, and we refer the interested reader
to [25] for a detailed review). In this paper we refine this analysis by providing the first-order correction of the
small-maturity expansion for the implied volatility in this model. The methodology in use here—similar to
the one used in [[2] for the large-maturity case—is based on saddlepoint expansions in the complex plane and
the properties of holomorphic functions. We first derive an asymptotic expansion for European call options,
which we then translate into implied volatility asymptotics. Namely for a European option written on the

underlying (S;);>0 with strike Spe®, we prove that the expansion
o () = o () +a(2)t+o (1)

holds for any non-zero real number «x for the implied volatility o as the maturity ¢ tends to zero (Theorem B72).
The correction term a(x) is important since it takes into account the drift terms in the SDEs (E7T) for the
Heston model. The genuine limit og(z) (also derived in [9]) fails to capture these drifts because large deviations
theory is only sharp on a logarithmic scale.

The paper is organised as follows: we recall the Heston model and the main ingredients that will be needed
in Section B. Section B presents the main results of the paper, namely the small-maturity asymptotic expansion
for European call option prices, both for the Heston and for the Black-Scholes model. The lengthy proof of
the main theorem is deferred to Section B. In Section B we translate these expansions into implied volatility
asymptotics and provide numerical evidence of the accuracy of our formulae. Finally we propose a calibration

methodology based on these closed-form approximations in Section B.

2. MODEL AND NOTATIONS

We work on a probability space (€2, F, P) with a filtration (F;)¢>0 supporting two Brownian motions and
satisfying the usual conditions. Let (S;):>0 be a stock price process and we denote its logarithm by X, :=
log(S;). Without loss of generality we shall assume that interest rates and dividends are null—otherwise we

can just model the dynamics of the forward price directly instead of the stock price. In the Heston model the
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process (X;);>o satisfies the following system of SDEs:

1
dXt:_iytdt‘F\/Y;ttha Xo=z0 €R,
(2.1) AV, =k (0 —Y,)dt + 0/Y,dZ;, Yo=1yo >0,
AW, Z)y = pdt

where Kk > 0,60 >0, 0 >0, |p| <1 and W and Z are two standard Brownian motions. We further assume
as in [T9] that the inequality x > po holds. This will be needed in Section to characterise the effective
domain of the moment generating function; without this condition, the variance process fails to be mean-
reverting under the Share measure. This assumption is however not restrictive in practice since the correlation
is usually either negative (in equity markets) or close to zero (implied volatility smiles are almost symmetric in
foreign exchange markets). The Y process is a Feller diffusion and the coefficients of the stochastic differential
equation satisfy the Yamada-Watanabe condition [I4, Section 5.2.C, Proposition 2.13] so it admits a unique
strong solution. The X process is a stochastic integral of the Y process and thus is well defined. Let us now

define the two real numbers p_ < 0 and p; > 0 by

2 p s 2 o
— arct -1 - =1, — t e 1
e arctan <p> {p<0} p {p=0} T+ op <arc an <p> TI') {p>01}>

p_:

(2.2)

2 p s 2 p
= — t - 1 —1,— — arct -1
P+ o (arc an (p) + 7r> {p<0} T+ p {p=0} T+ - arctan (p) {p>0}>

where p := m We further define the function A : (p—,p;) = R by

(2.3) A(p) = o (%27/2) — for all p € (p—,p4).

It can easily be checked that A is a real strictly convex function on the interior of its domain, and that A(p) > 0
for all p € (p—,p+) \ {0}, and A(0) = 0.

Remark 2.1. In [9] the authors proved that the function A corresponds to the limiting cumulant generating
function of the Heston model, i.e.
A(p) = tlii%tlogE (ep(Xt_”’”)/t) , for all p € (p—,p4).

Let us finally define the Fenchel-Legendre transform A* : R — R of the function A by

(2.4) A (z):= sup {px—A(p)}, for all x € R.
PE(p—.p+)

In [9] the authors proved that the small-maturity limit of the implied volatility is fully characterised by this dual
transform. We shall of course recover this result while proving higher-order expansions for the short-maturity
implied volatility. The function A* does not admit a closed-form representation, but a straightforward analysis
shows that the equality A* (z) = p* (z) x — A (p* (z)) holds for any real number x where p* (z) € (p_,p4) is
defined as the unique solution to the equation A’ (p* (x)) = z. By strict convexity and the fact that |A’(p)]
tends to infinity whenever p tends to p_ or py, this number is always uniquely well defined. As proved in [H],
the identities p* (z) > 0 for = > 0, p* () < 0 for z < 0 and p* (0) = 0 always hold. We also have A*(z) > 0
and A" (p*(z)) > 0 for all  # 0, and A*(0) = 0.

In the Black-Scholes model, the share price process (St)tzo satisfies the SDE d.S; = XS;dW;, with Sy > 0

and where the volatility X is a strictly positive real number. We shall use the notation Cpg (x, ¢, 3) to represent
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the Black-Scholes price of a European call option written on the share price S with strike Sye”, maturity ¢
and volatility ¥. In the rest of the paper, ® and & will respectively denote the real and the imaginary parts

of a complex number, and N the cumulative distribution function of the standard Gaussian distribution.

3. SMALL-TIME BEHAVIOUR OF E'UROPEAN CALL OPTIONS

In this section we derive small-time expansions for European call option prices in the Heston model (Theo-
rem B) and in the Black-Scholes model (Proposition B4). We postpone the proof of Theorem B to Section B.

Theorem 3.1. In the Heston model (E) the asymptotic behaviour for European call options

E(eX;fsoe)+ — -, rew (A (A o (1)),

holds for any x € R\ {0} as the maturity t tends to zero, where

e"U (p*(2))

p*(x)2y/N (p*())’ A

—idop .
exp <( Yoe 3 ((ipa —dp) ipdy — (k — dy) (1 — e*®P) +

A(z) =

1 — goe~tdoP) o 1 — gge—idop

(ipo —do) (1 — e7*P) (g1 — ideOP)))

where the functions A and A* are defined in (E33) and in (E4), and

_ 26p — 0 . ip—p 2k — po
(3.1) dy :==0op, dy:= 2P0, go 1= p—p ::M

— ) . — 91 .
2p ip+p op(ip+p)

Remark 3.2. Although this is not obvious from its representation, the function U maps the interval (p_,p4)
to the real line. The reason for this is explained in Remark E2. Since p*(x) takes values in (p_,p4)\ {0}, and
A" (p*(x)) > 0 for all x € R*, then A(z) is a well-defined real number.

Remark 3.3. Note that the theorem does not deal with the at-the-money case x = 0. We refer the interested
reader to Remark B0 for further details about this case.

Since we shall eventually be interested in deriving small-time asymptotics for the implied volatility, we
need an analogous result to Theorem B for the Black-Scholes model. This is the purpose of the following

proposition, the proof of which can be found in Appendix .

Proposition 3.4. Let ¥ > 0, c € R, define oy := VX2 + ct for t > 0 and assume that t € (0,%2/|c|) if ¢ < 0.

Then the following behaviour holds as the maturity t tends to zero,

2 2 23
(1—ez)+—|—exp< x +§+cm>< t3/2+(’)(t5/2)), if © #0,

232t x4 2./2
Cgs (z,t,0¢) _ rVen
5o DY 1 c x4
/2 4 <_>t3/2+0 $5/2 , if x=0.
V2T 2YV2r \ 2 12 ( ) f

The behaviour of European call options in the standard Black-Scholes model follows immediately.
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Corollary 3.5. In the standard Black-Scholes model (i.e. ¢ =0) we have oy =X for all t > 0 and
2 A b))
(1—¢"), +exp ( x > ( Bs(®2) 72 | ¢ (t5/2)> . ifz 0,

T oy2 /o—
Cgs (z,t,%) _ 227 2m
So N
X 1 ¥3 3/2 5/2 o
where
3 x
(3.2) Aps (z,X%) := —3 ©XP (§> ,  for any x #0.

4. SMALL-TIME BEHAVIOUR OF IMPLIED VOLATILITY

In this section we translate the call option asymptotics stated above into small-time expansions for the
implied volatility. For any ¢ > 0 and « € R*, o¢(z) shall denote the implied volatility of a European call option
with maturity ¢ and strike Spe®. We first define the two functions og : R — R and a : R — R by
_ Bl and a(z) = 205 (x) log < A (@)
V2A* (z) 2 Aps (2,00 (7))
where the functions A*, A and Apg are respectively defined in (E4), in Theorem B and in (82). These two
functions clearly exist for all z € R\ {0}, and Corollary B3 below ensures that co(0) and a(0) are well defined

(4.1) oo(x) :=

>, for all x € R\ {0},

by continuity.

Remark 4.1. In [9], the authors proved that the function og is the genuine limit of the implied volatility
smile as the maturity tends to zero and that it is continuous at the origin. Although the two functions A and

Apgs are not continuous at the origin, the function a is, as shown below in Corollary B=3.

The following theorem is the core of this section and gives the out-of-the-money implied volatility expansion

for small maturities. We defer its proof to Section 2.
Theorem 4.2. The asymptotic expansion o2 (x) = o¢(z) + a(x)t + o(t) holds for all x € R\{0}.

The following corollary—proved in Section [Z3—is a direct consequence of this theorem and provides infor-
mation on the behaviour of the short-time implied volatility near the money in terms of the model parameters.

It also highlights the moneyness dependence of the coefficients oy and a near the money.

Corollary 4.3. The following expansions for the functions oy and a hold when x is close to zero,

poxT 1 5p2\ o2a?
Uo(w):\/%<1+4yo+24(1_2> | +0(27),

Yo
o’ P*\ | yopo | K po
=——[(1-—= — (0 — —— (0%p* — 2K (0
a(z) 12( 4>—|— 1 +2( yo)+24y0 (ap K ( —&-yo)-i-yopa)a:
17602 — 480k0 — T12p%02 + 521p*a? + 40ypp®c + 1040k0p? — 80yokp? 022 3
+ 7630 7 +0 (x ) .
0

These approximations for the functions oy and a are symmetric in the log-moneyness when the correlation
parameter p is null. This is consistent with the fact that uncorrelated stochastic volatility models generate

symmetric smiles (see [26]). In the at-the-money case, we have the following corollary:

Corollary 4.4. If there exists some ¢ > 0 such that the map (t,z) — o(x) is of class CP! on [0,€) x (—¢,¢),
then 02(0) = 02(0) + a(0)t + o(t).
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Proof. Define the function f by f(t,x) := oZ(x). Applying Taylor’s theorem twice we obtain

_of _af o _
£(£,0) = £(0,0) = t52(0,0) + oft) = t lim S5(0,) + o(t) = lim a(x)t +o(t) = a(0)t + o).

The following corollary explains why the correction term a(z) is important.
Corollary 4.5. The following small-time approximation for call options holds as t tends to zero:
E (eX — Soeg”)+ ~ Cgs <x7t, \Jod(x) + a(x)t) ) for all z > 0,
where ~ denotes asymptotic equivalence: f(t) ~ g(t) means f(t)/g(t) converges to one as ast tends to zero.

When z < 0, it is clear from Theorem BT and Proposition B4 that the leading orders (1 — %)y = (1 —€%)
dominate, so that E (eXt — Soe”’)+ ~ Cps (z,t,00(z)) holds. When x > 0, the leading orders (1 — e®); are
zero, and the corollary follows from Theorem B, Proposition B4 and (Z1):

E (e® — Spe”) . _ A(z)a? - < x a(x)x2> _

li —
1o 2 20¢(z)

=0 Cpg (x,t, oo(z)? + a(a:)t) - oi(a)

The necessity of the correction term a(x) when x > 0 can be understood by the following limit ratio:

lim Crs (.4, 00(2))

CBS (.’I}, ta Uo($)2 + (L(.’E)t) a(m)LBQ
- (203@) |
which is clearly not independent of the correction term—and in particular is not equal to 1 unless a(z) = 0.

We now test the accuracy of the small-time expansion for the implied volatility derived in Theorem E=2.

Example 4.6. Let us consider the following set of parameters: kK = 1.15, 0 = 0.2, 0 = yg = 0.04 and p = —0.4.
In Figure [, we plot the smiles computed numerically® as well as the zeroth and the first order approximations
(i.e. oo(z) and \/oZ(z) + a(z)t as given in (ED)) for the three maturities ¢ = 0.1 year, t = 0.25 year and
t = 0.5 year. We observe that our approximation and the generated data are very close for the maturities
t =0.1 and ¢t = 0.25, and are still close (within 0.18 percentage points uniformly in the displayed strikes) even
at t = 0.5, an expiry approaching moderate size. The correction term a(z) is essentially the smile-flattening
effect which is a stylised feature of implied volatility surfaces observed in the market. It is interesting to note
that the error between our refined expansion and the true value of the Heston smile is almost constant over

all strikes. We also plot in Figure B the correction term a(x) given by the formula in ().

5. CALIBRATION METHODOLOGY

Based on the asymptotic expansion derived in Theorem E=2 above, we find a calibration formula that
generates parameter estimates, which can then serve as starting points to be input into a standard numerical
optimiser. For the sake of clarity in this section we introduce the notation « := xf. Given implied variances
for five contracts, our objective is to find explicit formulae to calibrate the five Heston parameters (v, o, p, o, k)
to the five implied variances. For some configurations of contracts, one cannot expect to solve this problem.

For example, a set of contracts with the same expiry would be uninformative in regard to the term structure

L The implementation is based on a refined quadrature scheme for inverse Fourier transforms using the Zeliade Quant Frame-

work by Zeliade Systems, where the second author was working.
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FIGURE 1. The three graphs on top represent the implied volatilities for different maturities.

The three graphs below represent the corresponding errors (difference between our formula

and the true implied volatility) for the same maturities. The solid blue line corresponds to the

leading-order smile oo(z), the solid grey one is the refined formula /o2 (x) + a(z)t, and the
blue crosses account for the true Heston implied volatilities. The horizontal axis represents

the log-moneyness z.
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FIGURE 2. Plot of the correction term a(z) defined in (ET).
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of implied variance, hence uninformative in regard to the mean-reversion parameter x. We therefore choose
configurations which involve multiple expiries. In such a setting our maturity-dependent formula plays a
crucial role in capturing the maturity effects needed to calibrate the full set of Heston parameters. Recall that

Theorem B2 and Corollary B33 imply o7 (z) = H (z,t) + O (2®) + 0(t), as « and ¢ tend to zero, where

2.2
H(xat) = H(%t;yo,PaU,OZW) =%Yo <]~+pw+ (17P2) 77 >

2 Yo 4 12y3
2

pPoYo O 1, po 9 9 t
1 A - P9 (21— 24 -2 :
(5.1) +<< 5 6 ( 4p>+a nyo)+12y0 (o (1= p%) + poyo — 2 fiyo)ff)2

2

+ #Ozf( (176 — 712p% + 521p*) 02 + 400y + 80 (13p% — 6) o — 80/{p2y0)x2t.
0

Let us consider a “skew” V : K — R, where each point in the configuration K C R x [0, co] represents a (log
moneyness, expiration), and where V represents the squared implied volatility. We shall say that (v, p, 0, @, k)
calibrates H to the skew V : K — R if the equality H (z,t;y0,p,0,a,k) = V(z,t) holds for all (x,t) € K.
This definition demands exact fitting of H to the given volatility skew at all points in K. Consider now
the configuration K = {(0,0), (zo,%1), (=0, 1), (0, t2), (—20,t2)} where 0 < t; < t3 and zp > 0. Given
V: K — R, define

V., -V Vi —2Vo+V
V —VOO 51—7 CZ——
0 ( ’ )7 229 29:(2) ’
Vi = b2 V(:l: t )— t V(:I: t )
= X X .
t2 t] 0,01 tQ tl 0,02

Theorem 5.1. The parameter choices (Jo, p, &, &, K) calibrate H to the skew V : K — R, where

Jo Vo
(5.2) & = V7S? + 12V, C ,
p 25//752 + 12V, C
a _
(5.3) ( ) ):M q—r),
K
with
g 1( V(zo,t1) — V(—z0,t1) — V4 + V_ )
20\ V(zo,t1) + V(—w0,t1) — V4 —V_ /)’
and
pad (1—p%) + %ﬁQéQz
24y, 0
r = R
12gop6 + (p* — 4) 62 N (176 — 712p% + 5215%)6* + 4070 %53 2
48 768042 0
and B N
__ro _re
1240 "° 1270
M := ,

1 (135° = 6)5° , go  p3°

5T T o6z Yo 5 " oa- Yo

2 96y 2 9690

provided that §o # 0, p # 0 and p* # 2 (1 — 1653/ (235?)).
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This theorem follows immediately by substituting (52), (B3), and each (x,t) € K, into (B). The following

provides a simple numerical example based on the implied volatility smiles in Figure .

Example 5.2. Suppose that the true Heston parameters are the ones that generate Figure 0. Let ¢; := 0.1,
ty :=0.25, and 2z := 0.1. Then the squared implied volatilities are

V(0,0) = 0.04, V(z0, t1) = 0.03644, V(—m0, t1) = 0.04395, V(z0, t2) = 0.03610, V(—z0, t2) = 0.04325.

Given these data points, the explicit calibration formulae in Theorem B produce the estimates

0 :=a/k =0.04105, K=1.104, p=—0.4069, & = 0.1907

of the true parameters (0, k, p,o) = (0.04,1.15,—-0.4,0.2).

6. PROOF OF THE CALL PRICE EXPANSION (THEOREM B)

We split the proof of Theorem Bl into several parts, from Section B to Section B33 below. From [20],
we know that European call option prices can be written as an inverse Fourier transform (E1) along some
horizontal contour in the complex plane. We then rescale this integral (subsection 62) and move the horizontal
contour of integration so it passes through the saddlepoint (see Definition G8) of the small-time approximation
of the integrand (Lemma B1). In Proposition B9 we prove an asymptotic expansion of the integral in (E32).
Lemma B4 is a technical lemma needed to justify this saddlepoint expansion. In the whole proof—according

to the statement of Theorem BIl—we assume that x # 0.

6.1. The Fourier inversion formula for call options. For each non-negative real number ¢, define the sets
A x CRand Ay x CC by

Arx :={v e R:E(exp (v(X; — x0))) < o0}, M x ={z€C:—-3(2) € A x},
and the characteristic function ¢ : C — C of the logarithmic return (X; — xO)tZO by
oi(z) :=E (eiz(xt*”)) , forall z e A x.

By [20, Theorem 5.1, we know that for any o € R such that o+ 1 € A, x and a # 0, we have the following

Fourier inversion formula for the price of a call option

E (Xt — Spe* :
(eSoe)+ = ¢t (—1) Y_1<a<o} + (¢t (—1) —e"¢: (0) )1{a<71} + <¢t (—1) - %@ (0)) Lio=—1y
0

1 +oo—ia ) y—1
(6.1) + 7/ R (e_lzm(bf ( 2)> dz.

Vi O—ic 12—z
The first three terms on the right-hand side are complex residues that arise when we cross the pole of
(iz — 22)71 at z = 0 and at z = i. Setting u = i — z and using the fact that the process (eXt) is a

>0
true martingale (see [19, Theorem 2.5]) we obtain

E (e* — Soe”) . ©
S—O = 1{71<a<0} —|— (1 — € )]l{a<71} + (1 - ) ]l{azfl}

<
2
x +oo+i(a+1) _
(6.2) +3/ %Gm@(w>m
™ Jo )

i 2
+i(a+1 u—-u
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6.2. Rescaling the variable of integration. In this subsection, we first rescale the integrand above in order
to perform an asymptotic expansion, and we then deform the contour of integration along a line in the complex
plane that passes through the point ip*(x), where p*(x) is defined on Page B. The reason for such a choice
will be made clear in Lemma EZ. As proved in [4], since p*(x) € (p—,p4) for any real number z (see Page B),
then the change of variable u =: k/t together with o + 1 = p* () /t in (B22) is valid, and hence the equality

co+ip* (z) . o
toortip eXp<1xk> by (—k /1) dk:)

So ript(a) ot ) ik/t—k2 2t

1 e’
(6.3) —E (eX — Soe"”)+ =(1-e") 1oy + =N (/
™ 0
holds for ¢ sufficiently small. Indeed, from (632), the set {—1 < a < 0} is equivalent to the set {0 < p*(x) < t},
the set {a < —1} is equal to the set {p*(z) < 0}, and the set {& = —1} corresponds to the set {p*(z) = 0}.
Since we consider ¢ sufficiently small and x # 0, only the second set remains, and the properties of the function
p* on Page B imply (63). The first residue term corresponds to the intrinsic value of the call option. For
k # 0, we have t~! (ik/t — kg/tz)_1 = — (t/k*) (14 O (t/k)) = — (t/k*) (1 + O (t)) uniformly in k, therefore
we can rewrite (B3) as
E (e** — Spe”) e” +ootip®(v) izk\ ¢r (—k/t)
+ T t
S T (1= e e — R N 2VY L o)) dk ) .
- (=~ ([ e () 2 a0 0)
Let us now define, for each p € R the explosion time ¢*(p) := sup{t > 0, E (eP(*X+~20)) < oo}. In [0], using [19]
(which applies since k > po), the authors proved that for any p € (p—, p4+) the explosion time ¢* (p/t) is strictly
larger than ¢ for ¢ sufficiently small, so that p*(z)/t € A, x for ¢ sufficiently small. We also note that
R (eikz/t ol (k/t)) R <eXP (ikx/t)E (eik(tho)/t>) _E (% <eXP (ikz/t) eilc(Xt:ro)/t)>
k2 k2 k2 ’
and we can easily show that this expression is an even function of (k) and an odd function of (k). We can

thus rewrite the normalised call price as

E (eXt — Soew) e® . 1

where we define the contour (, for every real number x # 0 by

(6.4)

(6.5) Cp : (—00,00) = C such that (,(u) :== u+ ip*(x).
Let us also define the set Z € C by

(6.6) Z={heC:S(k) € (p_,p)},

where p_ and p; are defined in (E72).

6.3. Saddlepoint expansion of the integral in (E2). The proof of Theorem B relies on an asymptotic
expansion of the integral in (64), stated in Proposition B9 below. Before this though, we need to introduce
several tools and prove some preliminary results. We start with the following lemma which characterises the

asymptotic behaviour of the rescaled characteristic function when the maturity ¢ is small.

Lemma 6.1. Let k :=k, + ik; € C. For any fized k; such that —k; € (p—,p4+) \ {0}, the expansion

o (Iz) =U (—ik)exp (A(_tlk)> (1+0O(t)), holds uniformly in k. ast tends to zero,

where the function A is defined in (223) and the function U in Theorem E.
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Remark 6.2. Let p € (p—,p+). From [9] we know that for all ¢ > 0, ¢:(ip/t) is a well-defined real number.
The proof of Lemma BT can be carried out analogously step by step for such a ¢;(ip/t), which implies that

the number U(p) in Theorem B is real as well.

Proof. Albrecher et al. [Il] derived the following closed-form representation for the characteristic function ¢,

under the Heston model:

(6.7) Ou(k) = E (X200} = exp (C(k,t) + yo D(k, 1)),

where

Clht) = (’%f ((/{ ~ipok — d(k))t — 2log (W)) ,

k—ipok —d(k) 1—e 4k

D(k,t) = P T (ke
Kk —ipok —d(k) ' , - 1o
o e (o)

and we take the principal branch for the complex logarithm. Lee [20] proved that the function ¢; could be
analytically extended in the complex plane inside a strip of regularity. From the above definitions we have the

following asymptotic behaviour for d (—k/t) and g (—k/t) as the ratio t/k tends to zero:

2 72k
d (_t> — <02,62k2 n (%p - 0) iokt + n2t2) = ~do+ i + O (1),

t
= :90+*91+0(t2)7

1/2
( k) Kkt + ipok — (02,62k2 + (2kp — o) iokt + Ii2t2>
g -2

t _ 1/2 k
Kkt — ipok + (02p2k2 + (2lip - 0‘) ickt + /-@2152)
where we define the following quantities (similar to (B)):
_ 2kp — 0 . ip — pcg 2k — po) ¢y,
do = oper, dyi= =2 Tiey, gyi= L LE g = (7.—,07)27 cy := csgn(k),
2p ip+ pex op (ip+ per)

and where the sign function csgn for complex numbers is defined by csgn(k) = 1 if R(k) > 0, or if R(k) =0
and S(k) > 0, and —1 otherwise. Since |k| > [S(k)| > 0 we have

k 1 ko k 1 — exp (—dok — dit + O (12))
D(-=t)=— ipo— —do— —d t
( t’) o2 <“+1”"t 0% 1+O()>1—g(k)exp(—dok—d1t+(’)(t2))

(190 — do) s 1— et 1 e )
B o2t 1 — goedok + (1 — goo—dok) o2 (e bk (ipo —do)dik + (k—di) (1 —e do’“))

1 — g dok

_|_
(1 — goe=dok)

Similarly we have

¢ (‘?t) - (mt+ipak—d ({f) t—2log (1 — g (—h/t) exp (~d (~k/1) t)))

5 (ipo —do) (91 - gok‘dl)e_dok +0O(1).
o

p 1= g(—k/2)
_ ("T;f ((ipa — do)k — 2log (1 - gole’jpg(o_dok)» +O(t).

We know that for all ¢ > 0, the characteristic function in the Heston model is even in the argument d (see [20,
Page 31]). Therefore the limiting behaviour of ¢:(—k/t) does not depend on the sign function cj, and the
lemma follows from the definition of the functions U and A in Theorem BT and in (E23). g
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Remark 6.3. Note that the assumption |p| < 1 on Page B implies that 1 — go is not null , and therefore the
expansion for C(—k/t,t) is well defined. Concerning the denominator in D(—k/t), simple calculations show
that 1 — goexp(—dok) = 0 if and only if £k = —log ((ip +p)/(ip— ,5))/ (op), which is a purely imaginary
number. Tedious but straightforward computations further reveal that this value precisely corresponds—
depending on the sign of p—to the boundary points p_ and p,, which are excluded. Therefore the expansion
for D(—k/t) is also well defined.

We now state and prove the following lemma which we shall need later in the proof of Proposition G4.

Lemma 6.4. Let k :=k, + ik; € Z. The map k, — R (—ikz — A (—ik)) has a unique minimum at zero for
any ki € (p—,p+) .
Proof. Fix k; € (p—,p4). It is then clear that R (—ikx — A (—1ik)) = ksx — R (A (ki — ik,)). Hence the lemma

is equivalent to proving that the function k, — R (A (k; — ik,)) has a unique maximum at zero. Using the

double angle formulae for trigonometric functions we have

§R(A(eriq))é}%< (p+1q) yo ))yoM(tJ)
p

o (peot (30 (p+1iq)p) — oN(q)’
where the functions M and N are defined by
M(q) := p(p cos (ppo) + psin (ppo) ) — ppcosh (gpo) — gpsinh (gpo)
N(q) := cosh (gpo) + (1 — 2p2) cos (ppo) — 2ppsin (ppo) .
Note that N(0) > 0, and N’(¢g) > 0 for ¢ > 0. We need to show that M(q)/N(q) < M(0)/N(0) for g # 0.

By the symmetry g — —q, we can take ¢ > 0 and by the symmetry (p, p) — (—p, —p), we can take p > 0. It
hence suffices to show that for ¢ > 0,

M’ M (0
(6.8) - <Q) ( ) ,

N'(g) ~ N(0)
since the following inequality will therefore hold for all ¢ > 0:

N = i (ro+ M) < oo (o4 [ )
) M(0)

_ 1 M(0) B _ M)
- (M(O) + o) (V@ N(O))) 4

Since M'(q)/N'(q) = —1/0 — pp — gpcoth (gpo) < —pp — 2/0, the inequality (ER) will be satisfied as soon as

(6.9) ,% <pp+ ]\]\47((8))

If p > 0 then (EM) holds since M(0)/N(0) = oA(p)/yo and because A(p) > 0 as outlined in Section B.
Otherwise, for p < 0, note that the derivative of the right-hand side of (E9) with respect to p is equal to a
positive factor multiplied by

(2 —ppo) p— 2p*pcos (ppo) — pp” sin (ppo) > p (2 — ppo — 2p° + ppo) > 0,
since ‘7[)2 sina| < a for all @ > 0. So it suffices to verify (6H) in the limit as p tends to —1. Since

hm( +M<0>)__2p<f>_2
-1 bp N©))  o(2+po) o’

then (B3) is satisfied and the lemma follows. O
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Remark 6.5. Using the functions M and N defined in the proof of Lemma E4 above, it is easy to see that the
ratio M (q)/N(q) tends to —oo as |g| tends to infinity. This implies that for any k € Z, R (—ikx — A (—1ik))
tends to infinity as |k| tends to infinity.

In order to prove an asymptotic expansion of the integral in (64), we first need to choose the optimal contour
(; defined in (63) along which to integrate. By “optimal”, we mean that the contour ¢, passes through the
saddlepoint (see Definition B8 and Lemma 677 below) of the integrand in (6).

Definition 6.6. (see [4]) Let F': Z — C be an analytic complex function on an open set Z. A point zg € Z

such that the complex derivative dF'/dz vanishes is called a saddlepoint.
Let us now define the function F : Z — C by
(6.10) F (k) := —ikax — A(—ik), forallk e Z,

where the function A is defined in (E33) and the set Z in (68). In the Heston case we are considering, this

saddlepoint can be expressed in closed-form as follows.

Lemma 6.7. For any real number z the function F defined in (Bd0) has a saddlepoint at k* (x) = ip* (z),
where p* (x) is the real number defined on Page B.

Remark 6.8. By the characterisation of the Fenchel-Legendre transform A* of A in (E3) and the remarks
following this definition, the equality F' (k*(x)) = A*(x) holds for any real number z.

Proof. Let x € R. By definition of p*(z) on Page B, we know that the equation A’ (p) = z has a unique solution
p*(x) € (p—,p+). Therefore F’ (k* (z)) = —izx 4+ iA’ (p* (z)) = 0 and the lemma follows. O

We now have all the ingredients to prove the following proposition which, combined with (64), finishes the
proof of Theorem BI.

Proposition 6.9. For any real number x # 0 the following equality holds as t tends to zero,

_55}% (/w etkrlig, (—i) (;2 + O(t)) dk) = exp <—A*t(x)> A%/Q (1+0(),

where the functions A and A* are given in Theorem B and in (EA), and the contour (, in (62).

Proof. Since F (k) = —ikxz — A (—ik) by (610), Lemma B applied on the contour ¢, implies

(6.11) R (/ etko/ty, <—k> (;2 +ou )) ) _ %( v om) (kQ o )) )

The functions F' and u are both analytic along ¢,. Lemma B4 implies the inequality R (F'(k)) > R (F (ip*(z)))
for all k € (;\{ip*(x)}, and R (F(k)) tends to infinity as |k| tends to infinity by Remark B3 and Definition B8.
We further know from [9, Proof of Theorem 1.1] that the quantity F” (ip*(z)) is not null. Therefore the Laplace
expansion in [Z3, Chapter 4, Theorem 7.1] leads to the following expression:

o </< U (—ik)exp (—F(tk)) 2’;) = % exp ( Fte ))> k[(] ()—112;:/3/)()]:32)) (1+0(1))

t
*( 3/2
:—ﬁexp( A ) o (2)? A”t NCIATRE] ))( +O(t))

t
exp< >A““3/2 (140 (),
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as t tends to zero, where the equalities F'(k*(z)) = A*(z) and F” (k*(z)) = A" (p*(z)) follow from the definition
of the function F' in (EI0) and the properties of p*(z) on Page B. The O (¢) terms in () constitute higher

order terms which we can neglect at the order we are interested in. (]

Remark 6.10. The methodology for the general case z # 0 above does not hold in the at-the-money case
x = 0 since the horizontal contour of integration passes through the saddlepoint k*(0) = ip*(0) = 0 of the
integrand, and the ratio U (—ik) /k? (appearing in the proof of Proposition E9) is not analytic at the origin, so
the Laplace expansion [Z3, Theorem 7.1, chapter 4] does not apply any more. Note however that Corollary &2

provides a small-maturity expansion of the at-the-money implied volatility.
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7. APPENDIX

7.1. Proof of Proposition B4. Define dy := (—z % 07t/2) / (04\/t). We first consider the case z > 0. Note
that d+ tends to —oo as t tends to 0. Substituting the asymptotic series

1-N(z) = (27r)_1/2 e /2 (27" =272+ 0(27°)), as 2 tends to infinity,
into the Black-Scholes call option formula with implied volatility o;, we obtain

E (X — Soe”) | = SoN (d) = Soe" N (d-) = So (1 = N (~dy) — " +¢"N (—d_))

So d2 1 1 1 1 5
7.1 - S Y O X O
(7.1) ,ﬁgﬁxl)( )t tEE o))
as t tends to zero, where we used the fact that —d? /2 + x = —d?% /2. Since the expansion
d2 2?2 z(Z'4ex) B8 44aPPt 2
— T — — — — t
eXp( 2> exP( ox% | oxd s 5O F)
Y8+ dx2c? t x? (X4 + cx)
=(1-=—"""_ t? -
( s 51Ol )>eXp( o5 T 2% )

holds as well as d—! — djrl + djr?’ —d= =232 4 O (t5/2), we can then plug this expression into ()
and the desired result follows. The proof of the case z < 0 is analogous.
When z = 0, note that d1 converges to zero as ¢ tends to zero, so that we use the asymptotic series N (z) =
1/2 + (27r)71/2 (z — $2% 4+ O (2°)) and the proposition follows from
So < L3 3 5 )
—(dy—d_)—=(dL. —-d>)+0O(d
= (@ —do) =5 (& —d2) + O (&)

So 1 12¢ — ¥4

= 2 (w0 (91)).

\2m ( + 243 +
7.2. Proof of Theorem HB2. Let us first assume x > 0. Note first that the equalities (E1) follow from
equating the leading order and the correction terms for the Heston and the Black-Scholes models as
x a(z)z?

7.2 A (x) = A} =— —— .
& (@) = Nis(o) = g sy
We now have to make this argument rigorous, since we do not know that o; admits an expansion of the form
stated in the theorem. However Theorem Bl and (IZ2) imply that for all e > 0, there exists ¢*(g) such that

P o (2] - D (5 e )

of(x

E (Xt — Spe®) | = SoN (d1) — SoN (d-) =

2
, and A(z) = Aps(z,00(x)) exp (
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holds for all ¢ < t*(¢). The function a is continuous on (0,00). Therefore for any § > 0 sufficiently small we
can choose ¢’ > 0 such that the equality
1 2 1 ) x? /
. (a(zc)x > . < (@(2) + )z > —
2 o5(x) 2
holds and hence Theorem Bl implies the inequalities

- o ABS(x;UO(x)) oxc (a(l’)+5) x2 / ox 7.%72 e—gl
E (e —Soe"), < =2 p( 204 (z) )t” p(2a >

< Cis (11,030 + (alo) + )

for ¢ sufficiently small. Since the Black-Scholes formula is a strictly increasing function of the volatility then

the upper bound o7 (x) < 03(x) + a(z)t + §t holds for all z > 0. We proceed similarly for the lower bound

and for the case x < 0, and the theorem follows.

7.3. Proof of Corollary B3. We wish to compute a series expansion for p*(x) defined on page B as the
unique solution to z = A’(p*(z)) when z is close to zero (recall that p*(0) = 0). We substitute an ansatz
power series expansion for p*(x) and then recursively determine the coefficients such that the power series of

the composition A’'(p*(x)) equals x. We only indicate below the important auxiliary quantities:

U(p)=1—‘1/20p+( (0 —yo) — opyo + )Z
3N\ 3
Kpo Yo AV
+<3(0—2y0)— (1+ %) - 5( k(0 — yo) — poyo) — 12) 1 +0 ("),
2
A (x) = x—fp—USJr—(lpr 4)2* + 0 (2°),

20 4y0 96y

5 5\ o’x? 3
i (1‘2”>243/2+0(“’

3/2
Alr) = B 4 Y0500 1y, -

4z 96\/370

From these formulae we deduce the expansion

Alx) 0% = 4) +12p0y0 +24(0 — o) » poa’
Aps(x,00(z)) 96y2 96y3

o0(x) = /Yo

(11p202 — 802 — 48payy — 24Kk6 + 24Kyy — 12y§) +0(x).

<10payo—|—30 (p* 2)—20/£yo—|—28/<59) +0 (x4) ,
which implies the expression for a(z) = 72203 () log (A(z)/Aps(x, 00(x))) in Corollary B=3.
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