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We show weak convergence of the time-# marginals for the integrated variance in a re-scaled rough Heston model
to those of an Inverse Gaussian Lévy process. This shows we can obtain such a limit without having to impose
that the true Hurst exponent H for the model is % as in [6], or that H \ —% as in [3], so the result potentially
has increased financial relevance. We later extend the analysis to the case where V has jumps, showing weak
convergence of the finite-dimensional distributions of the integrated variance to a deterministic time-change of the
first-passage time process to lower barriers for a more general class of spectrally positive Lévy processes. This
convergence result is then strengthened to a functional setting, namely on the space of cadlag functions on the
non-negative half-line endowed with the M| topology.
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1. Introduction

Stochastic Volterra equations (SVEs) arise in a variety of areas of applied mathematics, as they
provide a natural framework for modeling systems with memory and irregular behavior through the
presence of kernels that drive the dynamics. For instance, they appear as scaling limits of branching
processes in chemical and biological interaction models [36], or of Hawkes processes in mathematical
finance [25]. Volterra-type Lévy processes are also used in the stochastic modeling of energy markets;
see [12]. In general, SVEs generate processes that are neither Markov processes nor semimartingales;
nevertheless, they provide a theoretically convenient framework that is currently being explored in
several directions, some of which are not primarily motivated by applications. For instance, general
results on the theory of SVEs, in both the continuous and jump settings, can be found in [1,4,8,10,15].
The invariance theory for SVEs has also attracted considerable attention in recent years; see [5,9,16].
We also refer to [14,22,31,40] for studies of SVEs in infinite dimension.

In this work, our analysis starts from a Volterra square-root diffusion V = (V;);>0, which is a non-
negative process satisfying the dynamics

t
V=V + / K(t-s) (/1(9 —V,)ds + m/\ZdWs),
0

| ) (1)

here  K(1)=——1"" forae(5,1),

where (1) a) or a 2

Here Vy > 0, I" is the Gamma function, W is a standard one-dimensional Brownian motion and A, § and
o are given positive parameters. Notice that, in the limiting case a = 1, (1) reduces to the classical CIR

process, see [21]. Weak existence results for (1) can be found in, e.g., [8].
The process V in (1) has trajectories that are rougher than those of Brownian motion; more precisely,
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3.2 in [33]). Here H = a — % is known as the Hurst index. In the last decade, V has been extensively
investigated, especially in the mathematical finance literature, as it describes the variance in the so-
called rough Heston stochastic volatility model; see [26,27]. This model was introduced in [33], where
the authors show, using C-tightness arguments, that it arises naturally as weak limit of a small jump
high-frequency market microstructure model driven by two nearly unstable Hawkes processes. One of
the main reasons for the popularity of this model is its affine nature; see [8,27,29]. This property allows
to express the characteristic function of the log stock price and the integrated variance in rough Heston-
type models in terms of solutions to deterministic non-linear Volterra integral equations (VIEs); see
also [1,15,17,22] for extensions allowing jumps in V. This formulation enables accurate option pricing
even for very small values of H close to O (and even for H = 0) by solving VIEs numerically via an
Adams scheme. In particular, it avoids Monte Carlo techniques, which are known to perform poorly
when H < 1, both in terms of bias and sample variance.

In this paper, we study the integrated variance process A = (A;);>0, defined by A; = /01 Vs ds. Our
goal is to determine weak scaling limits for A and to characterize these limits as the laws of certain
time-changed Lévy processes. The results we obtain extend the existing literature on weak limits for
the integrated variance in rough Heston-type models. They also apply to extensions of the dynamics in
(1) that exhibit jumps, in the spirit of [1,15,17], for which — to the best of our knowledge — no similar
results have been established so far. Specifically, we consider dynamics that include

t
Vi =Vo +/ K(t—s)(ﬂ(e—\/s)ds+0'\/vsdws +dfs), )
0

where K is the same fractional kernel as in (1) and J. = /o(.) /R+x(N(dx, dt) — V,v(dx)dt). Here,
N (dx, dt) is an integer-valued random measure with compensator V,v(dx)dt, for a given non-negative
measure v with positive support such that v({0}) =0 and fR+ x2v(dx) < co. Weak existence results for
(2) are established in [1].

In the continuous setting (see (1)), significant contributions in this research direction can be found in

[3,6]. More precisely, [6] show that a re-scaled standard Markov Heston model with fast mean-reversion
and large vol-of-vol (via an H parameter which is not the Hurst exponent) tends weakly on path space
to one of three different models (either Black-Scholes, a Normal Inverse Gaussian or a Normal Lévy
model), depending on whether their H parameter is >, =, or < —%. [3] obtain a similar result without
Markovian approximations but instead letting H \ —% for the so-called hyper-rough Heston model
(see also Section 5 in [28] and Section 7 in [1] for more on this model), and exploiting Dirac-type
behaviour in their Lemma 2.4 (see Appendix D here for a short summary/formal derivation of their
result).
One of the contributions of this work is to fill the gap between [6] and [3] by showing that a similar
result holds for any H € (0, %) (in particular, our limit regime with H = % corresponds to the regime
in Eq. (0.3) of [6], where their H = —%). This will follow as a consequence of a more general result
presented in Section 3 (see Theorem 3.7), where we establish weak convergence on path space for an
extended model that allows positive jumps in the dynamics of V, see (2). In this case, relying on the
affine structure of the model, using the Laplace transform of the hitting time to a lower barrier for
a spectrally positive Lévy process, we find that the limiting process for the integrated variance is a
deterministic time-change of the first passage time process to lower barriers for a more general class
of Lévy processes. The convergence is proved using a compactness argument with the Kolmogorov-
Riesz-Fréchet theorem that is detailed in Appendix B.
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Although we establish and focus here only on theoretical results, they may prove useful for appli-
cations that will be investigated in future research. For instance, in the continuous case (1), by the
stochastic Fubini and Dubins—Schwarz theorems, it is well known that the integrated variance process
satisfies an equation of the form

t
Ay =Go(1) +/ k(t—s)Ba, ds,
0

for some Brownian motion B, where the deterministic curve G and the kernel « are related to the
coefficients in (1) (see, e.g., [1,3] and Theorem 3.1 in [34]). This is a non-linear pathwise Volterra
integral equation (VIE) for A in terms of the a.s. (% — &)—Holder continuous function B.), and it
remains well defined even if x € L'(0,T); this also allows us to consider the so-called hyper-rough
regime H € (—%, 0]. If we discretize this equation for A and rewrite it in terms of the final (discrete-
time) increments of A and B (see Appendix D for details), then an independent sequence of Inverse
Gaussian random variables can be used to perform an approximate Monte Carlo simulation of A (see
Algorithm 1 in [2]), which is naturally suited for the regimes H < 1 and H € (—%, 0].

The paper is organized as follows. In Section 2, we introduce a rescaling for the continuous dynamics
in (1) to prove the convergence of the time-f marginals of the integrated variance to an Inverse Gaus-
sian process. This is established in Theorem 2.1, which is derived independently of the other results
in the paper, as it addresses a relevant example in the literature, namely weak scaling limits for the
integrated variance in rough Heston-type models with continuous trajectories, using an original strat-
egy. Moreover, its proof is simpler than those of the other results, as it relies only on asymptotics for
deterministic VIEs from [28]. The scaling technique in Section 2 is then extended in Section 3 to affine
SVEs with jumps that include (2) (see also Egs. (11)-(13)). Theorem 3.5 establishes the convergence of
the finite-dimensional distributions of the corresponding integral process to a Lévy subordinator with
a deterministic time change. In Subsection 3.1, this convergence result is strengthened to a functional
setting. More specifically, by combining tightness criteria from [39] with Theorem 3.5, which identifies
the limiting process, in Theorem 3.7 we prove weak convergence of the laws of the re-scaled integral
processes to the law of the aforementioned time-changed Lévy subordinator on the space of cadlag
functions on the non-negative half-line endowed with the M| topology (see [39] for further details on
this and related topological spaces, also used in [3,6]). In the appendices, we prove some results needed
for our analysis of the jump case in Section 3. More precisely, Appendix A studies the well-posedness
of the VIE needed to describe the finite-dimensional moment generating function of the integrated
variance. Appendix B contains the proof of the main technical lemma of the paper, Lemma 3.4, which,
together with the results in Appendix C, enables us to identify the limiting law of the re-scaled inte-
grated variance. Finally, Appendix D contains a formal derivation of the main idea in [3].

Due to its interpretation as the variance process in rough Heston-type models, we will often refer to V
in (1) (or, in the jump case, in (2); see Section 3) simply as the “variance process”.

2. Marginal Integrated Variance Asymptotics in a Re-Scaled Rough
Heston Model

We consider processes defined on (possibly different) probability spaces (L, 7, Q), each equipped with
a filtration (;);>0 satisfying the usual conditions. For the main convergence result of this section, see

- >1 hel 1l the foll lefiniti
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Definition 2.1. A random variable X is said to have an Inverse Gaussian (IG) distribution with param-
eters y >0 and § > 0, denoted by X ~1G(y, 6), if its probability density function is

5\ 5(x—7)?
fX(x):(m) exp{_ny—Zx}, x> 0.

The moment generating function of X ~ IG(y, ¢) is given by

2

0 2y<p o
E[ePX] =exp{—[1-+/1 - 222}, <—, 3
el p{y( g )} Po @

which shows that the IG(y, §) distribution is infinitely divisible. An IG process with parameters (y, d)
is a (cadlag) Lévy process L = (L;);>0 such that L; ~ IG(y,§). This process exists and is unique in
law; see Theorem 7.10 in [37]. As is well known (see, for instance, Example 1.3.21 in [11]), an IG(y, §)
process is given by

L,:inf{sZO:Bs+ﬁs=\/5t}, (4)
y

where B is a standard one-dimensional Brownian motion.

In the next result, Theorem 2.1, we show that the time-# marginals of the integrated solution to a re-
scaled version of (1) converge to those of an IG Lévy process. This result is of interest as it demonstrates
that such an IG process can be obtained without requiring H = a — 1, where @ denotes the exponent in
the kernel K driving (1), to be equal to % as in [6], or to tend to —% as in [3]. Therefore, it extends the
existing literature on scaling limits of rough Heston models.

The proof relies on the affine structure of (1), which enables us to express the Laplace transform of
the integrated variance via deterministic Riccati—Volterra equations. This is a well-known property
of affine Volterra processes; see, e.g., [8], which generalizes the corresponding classical results for
standard affine processes, for instance those in [24]. Thanks to a suitable rescaling, in the proof of]
Theorem 2.1 we show that the moment generating function of the integrated variance converges to that
of an IG process, which implies convergence of the time-¢ marginals.

The rescaling introduced in Theorem 2.1 will then be generalized in Section 3 to the case with jumps. In
particular, as a corollary of Theorems 3.5 and 3.7, the convergence in Theorem 2.1 will be strengthened
to a functional setting; see Remark 3.5.

Theorem 2.1. Consider a re-scaled rough Heston model for the variance process V = (V);»0:
& 1 ! a-1 1 & 1
VE=Vo+ — [ (-5 (—/1(6 —VE)ds + —m/VdeS), (5)
I'(a@) Jo e e

where Vo > 0, W is a standard one-dimensional Brownian motion, a € (%, 1) and A,0,0 > 0. Then, fo
everyt >0 fixed, Af = fot VEds tends weakly, as € — 0, to the time-t marginal of an Inverse Gaussian

Lévy process with parameters (6, 0-=2126%) which does not depend on H = a — %

Proof. First, we notice that weak existence of a non-negative solution to (5) is established in, for
instance, Theorem 7.1 of [8]. Let I%(f)(¢) = ﬁ _/OZ (t — 5)@~! £(5)ds denote the ath-order fractional
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we invoke a classical weak convergence result from [13] below), if we define A7 = fol VEds, by the
arguments in, e.g., Section 7 in [8]

E[e PAT] = V01! 0e(0+5201' ¢u (1) (6)

where ¢ . is the unique continuous solution of the non-linear Volterra integral equation (VIE):

— 1 ' a-1 1 11 2 2
0:0)= s | =97 (=1 = 200.00) 4 507005 s,

In particular, note that ¢ - also depends on p.
Now let ¢ o (1) = ey (€7t). Then, also using the change of variables £%s = u,

ey (e9r) = % /Ot(t - s)a_l(—p — Ay (els) + %O'Zt,b(sqs)z)ds

= %/Osqt(sqt - u)“_l(—p — Ay (u) + %Uzw(u)z)du g1,
Setting €91 +— ¢, we see that

g™4v
[(a)

eu(1) = /0 (6 =) F(w (u))du, ™

where F(w) =—-p — Aw + %o-zwz. If now we let g = —é, the VIE (7) is independent of &, so

b (1) =sw(il). 8)

ga

Hence for every ¢ > 0, from Lemma 4.5 in [28]

1 1
lim ~go() = limy(n) = ¥(e0) = —[1-\2+2p02| = vi(p) )
e—0 & t—o0 o
for p > 0. More precisely, Lemma 4.5 in [28] can be applied to —y, which solves the following VIE on
R,:

—y (1) = /Ot(t ) VR (= (u)du, with Fy(w)=p—Aw — %Uzwz.

1
I'(a)
Indeed, since F;(0) > 0 and F; is analytic and decreasing on R,, the aforementioned result in [28]
implies that —y (¢) is monotonically increasing and converges as ¢ — oo to the positive root of Fj, which
coincides with —Uj (p). Then for the exponent in (6), knowing from (8), (9) and the monotonicity of ¢
that |l£¢> (0| < =U;(p) for every r > 0 and & > 0, by the dominated convergence theorem and (9) we
see that

1-a A6 1 Yo ! -a "1
Vol "¢ (t) + —1 ¢s(t) = —/ (t—5)"%pe(s)ds + /10/ —d(s)ds = 0 + 20U (p)t
€ I(l-a)Jo 0o ¢

as € — 0. By (3), 10U (p)t is the log moment generating function of an Inverse Gaussian Lévy process
with parameters (6,0 ~2126%) at time ¢. Then from e.g. the solution to Problem 30.4 on Page 573 in
[13], we conclude that A? tends weakly to the time-t marginal law of an IG(8, 0 =2126?) process. [J
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3. Adding jumps into V?*

We now assume that the rescaled variance process V& = (Vf);50 satisfies the following SVE of
convolution-type with jumps:

1 1 -
VE=Vo + —/ - s)"_l(/l(e ~VE)ds + o\ VEAW; + dJ;?), Podi—ae, (10)
[(a) Jo €

where a € (%, 1), dff = /R+x(N8(dx, dt) — VFv(dx)dt) and N¥(dx,dt) is an integer-valued random
measure with compensator V,?v(dx)dt; v only has positive support with v({0}) =0 and fR+ x2v(dx) <
00, 50 J€ has positive-only jumps. The weak existence of a non-negative solution to (10) is established
in Theorem 2.13 of [1], while uniqueness in law in the space L12OC (R4) follows from Corollary 15 of
[15]. Notice that V¥ is a rescaled version of the variance process in the rough Hawkes—Heston model
by [17]. In the continuous case v(dx) = 0 (hence J# = 0), (10) reduces to (5) in Theorem 2.1 of Section
2.

For our analysis, it is convenient to rewrite the dynamics in (10) in an equivalent form that does not
explicitly involve the fractional kernel 7 — ﬁt" ~1. More precisely, arguing as in Appendix A of [15]
(see, in particular, the first equation following (A.3) therein), we find that V ¢ solves the following SVE:

t t
VE=Vo—aA(Vp—-6) / ke(s)ds + / ke(t—s)(o\VEAWs +dJE), Podt—ae. (11)
0 0
Here, the kernel « ¢ is defined by

1 2 1
ke(t) = gt“_lEa,a( - Er“), with @ € (5, 1) and 1> 0,

where E, g(z) denotes the Mittag-Leffler function. The critical observation for the arguments that
follow is that

FEN) =1 Eq o (-21)

is a probability density, so Akg(-) has Dirac-type behaviour as € — 0. We also mention that

ftm fo(s)ds 2 mt"’, which implies that
/w/l (s)d ! e (12)
A Ta R o

for t > 0 (see Appendix A.1 of [27] for details on these points).

Motivated by (11), in this section we consider a more general predictable, non-negative variance
process V¢ = (V;?);>0 with trajectories in LIIOC(R+) which satisfies

t
Vf:fg(t)+/ ke(t=s)(oVEAWs +dJE), P®dt-ae., (13)
0

where £ € L}OC(RJr) is a given deterministic initial variance curve. Note that we require V¥ to be
non-negative in order to consider the square root in (13), while the predictability of V¢ with locally
integrable paths ensures that the stochastic integrals in (13) are properly defined. We refer to [1] for

weak existence results for (13), see also [4]
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The process V¢ here is an affine Volterra process with jumps and falls under the framework of [15]
(see also [17]). In particular, Lemma 1 in [15] establishes the following integrability property of V¢

that we will use for our analysis:
T
E[ / VE dt
0

We also refer to Lemma 12 in [15] for a stronger L>—type integrability result which applies to our

dynamics in (13) when £F € L} _(Ry). From (14), we see that

T
/ (/ |x|2v(dx))vfdt]<oo, T>0,
0 Ry

Je = / / x(N®(dx,dt) — VZv(dx)dt) is a square-integrable martingale on [0, 7],
0 JR4

<o, T>0. (14)

E

and hence

for every T > 0. (15)

For our asymptotic analysis, we require the following assumption.

Assumption 3.1. We assume that £7(-) is non-negative, uniformly bounded and continuous and &§ (-)

tends pointwise to a bounded continuous function {-’8 ()Yase—0.

We observe that Assumption 3.1 is satisfied when we specify &7 as in (11). Indeed, in this case,
() =Vo—A(Vo—0) fot Ke(s)ds and, from (12) and the fact that A« (+) is a probability density,

“(t 6, t>0.
f()()‘:B >

In the following remark, we present another standard setting in which Assumption 3.1 is satisfied. In
Remark 3.2, we provide an alternative formulation of (13), known as the forward variance formulation,
which is commonly used in the mathematical finance literature.

Remark 3.1. If &y in (13) is independent of € and given exogenously, then by Appendix A in [15]
we can construct an SVE driven by a fractional kernel as in (10) equivalent to (13) by solving the
linear VIE: go — /lfo' ke(-—5)go(s)ds + A0 /0. ke(8)ds = & (+), and then using the resulting function
go in place of Vg in (10). Specifically, letting f(-) = &(-) — A0 /0 ks (s)ds, we can re-write the VIE
as: go — /lfo' ke(-—8)go(s)ds = f, which has solution go(-) = f(-) — /04 f(-=s)r(s)ds. Here r is the
resolvent of the 2nd kind of —A«k ¢ (which will depend on € in general); see Section 2.3 in [30].

Remark 3.2. The forward variance ¢£F (u) == E[V,Z|F;] corresponding to the variance process V¥ in
(13) satisfies

def () = ke(u—1)(o\VEAW, + dJF), u>t, (16)

see also the rough Hawkes—Heston model in [17]. Note that, in the absence of jumps, (16) is the usual
equation for the forward variance under the standard rough Heston model, see e.g. [26] or Proposition

2.2 in [28]. The model in (16) can be viewed as a generalized rough Heston model in the spirit of [17],
. . . . 1




To prove the main result of this section, Theorem 3.5 below, we rely on the affine structure of V%,
which enables us to express the Laplace transform of its convolution with locally bounded functions
via deterministic non-linear Riccati—Volterra equations. The following lemma establishes the well-
posedness of the equations required in our analysis.

Lemma 3.2. Consider a non-positive locally bounded function f € L;5 (Ry;R_). Define the map
G:R,xR_ —>Rby

G(s,w)=f(s)+ %a’zw2 +Vi(w), whereVi(w)= (e =1 —wx)v(dx), a7
Ry

for (s,w) € Ry X R_. Then, for every & > 0, there exists a unique continuous non-positive solution
Ve Ry — R_ fo the Riccati-Volterra equation

Ue(t) =‘/0tK5(t—s)G(s,lpg(s))ds, t>0. (18)

Proof. See Appendix A. We notice that V; in (17) is well-defined, i.e., Vi (w) < oo for every w < 0,
since |e"* — 1 — wx| < w?|x|? for any x € R,. O

Formally, the asymptotic solution to (18) comes from considering its Dirac limit as £ — 0:

bo(1) = G e (0)

(recall from above that Ak (-) has Dirac-type behaviour as € — 0, so Ak (¢t — s) will be concentrated
at s =t). Re-arranging terms here, we obtain our conjecture limit equation:

F(@) = o) + G(o(1)) == (1) + G(1,40(1)) =0, 120, (19)

where G is defined as in (17) and G (w) = %a'2w2 + [RJr(exw — 1 —xw)v(dx) for w < 0. In the next
lemma, we prove that (19) is well-posed.

Lemma 3.3. For any f € L7 (Ry;R-), there exists a unique solution y to (19). Furthermore, y €
Lo (R Ro).
Proof. Since, by the definition in (17), G(¢,0) = f(#) < 0 and the function w — G (¢, w) — Aw is con-
tinuous and decreasing on R_, with G(z,w) — Aw — o0 as w — —oo, we see that there exists a unique
non-positive solution ¥o: Ry — R_ to (19). In particular, since f is locally bounded on Ry, g is
locally bounded on R, as well (i.e., Y € L;’(‘)’C (Re;RO)). O
We now provide the main technical lemma needed in our analysis. It clarifies in which sense the
solution i to (19) can be interpreted as the asymptotic solution to (18).

Lemma 3.4. Consider the solutions (Y ¢) e and ¥ to (18) and (19), respectively. Then, for every T > 0,

limy,.=yo inL'(0,7).
-0

Proof. See Appendix B 0
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Figure 1. Here we have plotted ¢ in Eq. (20) (in blue) and ¢ in Eq. (19) (grey dashed), using an Adams
scheme with 2000 time steps with e =.01, H=02,0=4,2=1,T =1, f(s) = —%(1{s<1/2} +1(5<1y) and
v(x) = %l{xw} for C=1, M =3 and Y = 1.5. Notice that such a v(x) is the Lévy measure of a one-sided
temperedx stable (CGMY) process. We see convergence to ¢ (see e.g. [18] for details on refinements to Adams
schemes). Numerically solving the VIE in Eq. (18) for € < 1 appears to be much harder due to the Dirac nature of
the kernel.

Remark 3.3. A variation of constants argument, see Remark 5 in [15] and also Lemma 4.4 in [§8],
shows the equivalence between (18) and

e = [ K@ =970 =20a(5) + 50700 VW) )i 720, Q0

where K(t) = ﬁt" ~1is the fractional kernel. According to Lemma 3.4, the limiting solution as & — 0
is Yo (we test this numerically in Figure I).

We now state the main theorem of this section. We note that this result, which concerns the conver-
gence of the finite-dimensional distributions of the integrated variance process A® = f()(.) VEds, will
be strengthened in Theorem 3.7 of Subsection 3.1, where weak convergence in the path space of cadlag
functions endowed with the M topology is established. As in the proof of Theorem 2.1 in Section
2, the idea behind Theorem 3.5 consists in exploiting Lemma 3.4 to study the limit of the moment
generating function of the finite-dimensional distributions of the re-scaled integrated variance process.

Theorem 3.5. The finite-dimensional distributions of A€ = fo(‘) VEds tend weakly to those of a time-
changed Lévy process Xg(.), where X, =inf{s : Z; < —t}, Z = (Z;);>0 is a Lévy process with Lévy
triple (=A,02,v), and g(1) = /lfot fg(u)du.

Remark 3.4. X is a Lévy subordinator, see e.g. Theorem 46.2 in [37]; in particular, if we let (1,0, V)
denote the Lévy triple of X with respect to the truncation function h(x) = 0, then X has no Gaussian
component, V(R_) =0 and f[O,l] xV(dx) < oo, see e.g. Theorem 21.5 in [37]. Moreover, if V(dx) has a
density with respect to Lebesgue measure, i.e. V(dx) = ¥(x)dx, then the Lévy Khintchine-type formula
in Theorem 25.17 in [37] for Xr is:

E[e—PXr] = eT(fip+/0m(e_”"fl)ﬁ(x)dx)
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for p > 0. Thus V(=p) :=logE[e PX1] = —1p + fooo(e_px — 1)V(x)dx, and differentiating both sides
with respect to p, we obtain:

V(-p)=1+ / xe P*9(x)dx
0
for p > 0, so in principle we can recover v from V by Laplace inversion.

Proof. Recall that the dynamics of the variance process V# are given in (13). Let f : [0, c0) — (—00,0]
be a locally bounded function on Ry (i.e., f € Lf;c (R4;R_)). Then from Theorem 5 in [15] and Lemma
6.1 in [1] (see also Lemma 3.2 in [17]), we know that for every T > 0

M, = e/Otf(T—s)VdeG,’ t€[0,T] (1)
is a martingale if we set
Tt
Gi = [ Gl er =y 22

where G is defined in (17), €7 (u) = E[V,?|F;], u > ¢, is the forward variance (see (16) in Remark 3.2)
and i satisfies the corresponding non-linear Riccati—Volterra integral equation (18). Existence and
uniqueness for i . are established in Lemma 3.2 above. Since G =0 we see that

T &£
M, =E[Mr|F;] = E[efo FT=s)Vedsig]
In particular, at ¢ = 0, taking the expected value we have

E[efOTf(T—s)V"fds] = o Glse(s)EF(T-5)ds (23)

As a corollary of Lemma 3.4, we see that
T
/0 G (s.06(5)) - G(s.wo(s))|ds
T, -
< [ (30200 + 000+ W00 (D) o) = o)l ds

T
<K [ We(s) - wololds — 0. 4
0 -0
where £ is the function defined in (A-6), and

1 -
S+ ol + w0

K1 :=sup

£>0 L>(0,T)’

since ¢ is locally bounded on R, by Lemma 3.3, K is finite by (B-1) and / is continuous, see Ap-
pendix A (in particular, the proof of Lemma A.3). Then

T
| [ (G088 (T = 5) — Gs. ()T — 5))ds

4Y |
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T
< [ 166000 - Gl T - )ds

T
+ (sop IGCulimon) [ 1657 =9 )T =9lds

>0

where the last two terms tend to zero as £ — 0 by (24) and Assumption 3.1. Hence from (19) and (23)
we see that

lim E e/OTf(T—s)Vfds] — lim el Gs:e() €8 (T-s5)ds

£-0 e—0

ol Gl ENT=-s)ds  _ A vo(s) E)(T-5)ds 25)

We now characterize the process which has (25) as its Laplace transform.
For a Lévy process Z = (Z;);s0 with Lévy triple (=4, 02, v), e¥% AW jg an F,# —martingale for
u <0, where

A(u) =—Au+ %0'2142 +Vi(u); (26)

this is a consequence of the stationary and independent increments property, together with Theorem
25.17 in [37] (see (C-4) below for an analogous argument). From Proposition C.1 in Appendix C applied
to the spectrally negative process —Z (see also e.g. Theorem 46.3 in [37] or Eq. (2.5) in [35] for an
alternative proof), we know that

]E[e*qH“] _ e—A‘l(q)a — el\_l(q)\fﬂ 27

for g > 0 and a <0, where H, :=inf{r > 0: Z; <a} and A~!(g) < 0 denotes the inverse function of A.

Now let X; = H_,, which is a Lévy subordinator, see Remark 3.4 and the references therein. Then
from the i.i.d. property for Lévy processes, (27) and the fundamental theorem of calculus, considering
a right-continuous non-positive piecewise constant function f we have, for any continuously differen-
tiable non-decreasing function g starting from 0,

Bloh FT-9dXes))| = o AN UFT=-9)Dg (5)ds —  fy AN (=F(9)g (T-s5)ds
= efOT%(S)g’(T—S)dS, (28)

where in the last step we use that A=' (= £(+)) is ¥o(-) by Egs. (19) and (26) (see also Lemma 15.1 in
[20], which is used in [3]).

At this point, for 0 < sy <--- < s, <T, choosing a right-continuous map f such that

f(T - S) = (u1 +ur+...+ un)l{OSss‘yl} + (u2 + ... +un)l{sl<SSsz} +...+ unl{sn,1<SSsn}’ s € [O,T]

with uy,up,...,u, <0, we see that
T T
A f(T—S)VSSdS = Lt]Ase1 + ... +unAfn, L f(T—S)ng(S) = Lt]Xg(sl) + ... +MnXg(sn)7

where A7 = foz VEZds. Therefore by (25) and (28) (again by Problem 30.4 in [13]) we deduce that the

finite-dimensional distributions of A% = fo(.) VEds converge weakly to those of the time-changed Lévy
’ — 0 — 3
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3.1. Weak functional convergence in the M topology

The purpose of this subsection is to strengthen the convergence result of the finite-dimensional distri-
butions established in Theorem 3.5 to a functional setting. More precisely, recalling the process X, .)

and the integrated variances A% = /0(‘) V&ds in the statement of Theorem 3.5, our aim is to prove the
weak convergence in law of A® to Xg(.) as £ — 0 in the path-space of cadlag functions D(R;R), en-
dowed with the M topology. Notice that we work with trajectories defined on the whole non-negative
half-line, instead of fixing a finite time horizon as in [3] or [6], where the M; topology is also used.
We consider D(R4;R) instead of the space of continuous functions C(R;;R) — where (A?) . take val-
ues — because X, (.) is a cadlag process that, by Theorems 21.1 and 21.3 in [37], exhibits jumps with
positive probability (unless in the trivial case fg(t) =0 for a.e. t > 0). The reason we focus on the M|
topology rather than the arguably more common J; topology is that, as a consequence of, e.g., Propo-
sition 2.1 a) in Chapter VI of [32], C(R4;R) is a closed subset of D(Ry;R) in the J; topology. By the
Portmanteau theorem, any weak limit probability of (AZ) is then supported on C(R4;R), which again
excludes the time-changed subordinator Xg ..

Before stating our main result in Theorem 3.7, we recall some important definitions and properties
of M. A comprehensive analysis of this and other topologies on spaces of cadlag functions can be
found in [39], see in particular Chapter 12. We start by presenting the definition of the topology M I(T)
on the space D([0,7T];R) of real-valued cadlag functions defined on [0, 7], for every T > 0.

Definition 3.1. Fix T > 0. Given x € D([0,T];R), the thin graph of x is defined by
Iy ={(z,t) e Rx[0,T] : z € [x(t—),x(¢)]}, where x(0-) =x(0).
The couple (I'y, <) is a totally ordered set, where < is the relation given by:
) <@ e |n<n| o |n=r ad ko) -ul <o) -zl

A parametric representation of x is a continuous nondecreasing function (u,r) mapping [0, 1] onto
(T'y, <), the set of such parametric representations is denoted by I1(x).

For every x,y € D([0,T];R), define the metric dr as follows:

dr(x,y) = max{|lu; —uz||1,llr1 —r2ll1}, (29)

inf
(u1,r1) €(x), (uz,r2) €T (y)
where || - || denotes the uniform norm in [0, 1]. The MI(T) topology is the topology generated by dr.
We refer the reader to Theorem 12.3.1 in [39] for the proof that dr is indeed a metric on D([0,T];R).
In the sequel, for every T > 0, we denote by rr: D(Ry;R) — D([0,T];R) the restriction operator
given by [rr(x)](¢) = x(¢) for t € [0,T]. This operator enables us to introduce the M; topology on

D(R4;R), hence for functions defined on the non-negative half-line; see also Section 12.9 in [39].

Definition 3.2. The M; topology on D(R4;R) is the topology generated by the metric

dur, (x.y) = /0 " e T min {dr (rr (). rr (), 1) dT, (30)

where, for every T >0, dr is definedin (29). |
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Despite the metric dr in (29) being incomplete, the space (D ([0,T];R), M I(T)) is Polish, see Section
12.8 in [39]. It follows that also (D (R.;R), M) is Polish, and we refer to Theorem 2.6 in [38] for an
analogous argument for the J; topology. As a consequence of the definition of dj4, in (30) and Theorem
12.3.2 in [39], the M topology is coarser than the J; topology. Since they both provide Polish (hence
Lusin) spaces, by Theorem 11.5.3 in [39] they generate the same o —algebra, which coincides with the
classical o-—algebra generated by the evaluation maps on D(R,;R), see also Theorem 1.14 in Chapter
VI of [32].

Denote by P# and P the probability measures induced by A® and X, (.) on o (M), respectively. The
next lemma enables us to reduce the study of the weak convergence of P = P on (D (R;R), M)
from an infinite to an arbitrary finite time horizon. More precisely, we have the following.

Lemma 3.6. Forany T > 0, let Pr;l be the pushforward probability measure on o(M I(T)) of P by the
restriction operator rr, with an analogous notation for P€. Then P = P on (D(R+;R), M) if and

only if, for every T > 0, Pgr;l = Pr}l on (D(]0, T];R),Ml(T)).

Proof. Since X, .) is a time-changed Lévy process with continuous time change g (we recall from the
statement of Theorem 3.5 that g(-) = /lfo(.) §8(u)du), for any fixed T > 0,

P({x € D(R4;R) : x(T) —x(T-) £0}) =0.

Moreover, by Theorem 12.9.3 in [39], the restriction map rr is continuous at all x € D(Ry;R) that
do not exhibit a jump at 7. Combining these two facts, the proof can be completed using the same
arguments (based on the continuous mapping and Portmanteau theorems) as in Theorem 2.8 of [38],
which treats the case of the J; topology. 0

At this point, we are ready to state the main result of this subsection. Its proof relies on Theorem
3.5, which ensures the convergence of the finite-dimensional distributions of A? to those of Xg()» and

tightness characterizations of sets of probability measures on (D([0,T];R), M I(T)) for T > 0, estab-
lished in Theorem 12.12.3 in [39]. These conditions are particularly simple to apply since the processes
(A?) g~ are non-decreasing.

Theorem 3.7. The integrated variance processes A¥ converge weakly to the time-changed Lévy pro-
cess Xg(.) defined in Theorem 3.5 on (D(R4;R), My), that is, P = P on (D(R4;R), My) as e — 0.

Proof. According to Lemma 3.6, it is sufficient to prove that
Pgr}l = IP’r;1 on (D([O, T];R),MI(T)), for every T > 0. (31)

In turn, by Theorem 3.5 and Theorem 11.6.6 in [39], (31) is satisfied if the family (]P"Er;l)‘9 is tight on
(D([0,T];R), M I(T)). According to Theorem 12.12.3 in [39], sufficient (and necessary) conditions for
tightness in the space (D([0,T];R), M](T)) are given by

lim supP( sup |Af] >R)=O
R—00 ¢50 t€[0,T]

and

lim sup P(wr(A?,6) >n) =0, forany fixed n > 0.
b >0
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Here, denoting by dist(#2, [#1,#3]) = inf;c[4, 1] |t2 — | the distance between ; and the segment joining
t; and 13 (with #; e R, i =1,2,3), we set, for any 6 > 0,

wr(A?,8) =max { 0supTw'T(Afé, t,8),vr(A%,0,6),vr(AZ,T, 6)};
<t<

wi(AZ,1,6) = sup dist(A7

1
max{0,t -8} <t;<tr<t3<min{t+65,T}

vr(AZ,t,6) = sup |[A; —Agl, te[0,T].

max{0,— 6} <t; <t <min{r+6,T}

[AZ,AZ]), te[0.T];

5]

Since the processes A? start from 0 and are non-decreasing, being obtained by integrating the non-
negative variance processes V¥, as already observed in Section 4.3 of [3], these conditions simplify. In
particular, the former reduces to

lim supP(AZ>R)=0. (32)
R—o0 £>0
As for the latter, considering that, for every ¢ € [0,T], vr(AZ%,t,06) = Arf]in{t+6 Ty~ A;ax{t_é 0} and

Ap € [A7, Al ] forallt) <t <t3, hence wi(A%,1,6) =0,

it reads

(lsirr}) sup P(max {AZ,AZ - AZ_;} > n) =0, forallfixedn > 0. (33)
—Ye>0

To complete the proof, it will then be sufficient to verify (32) and (33). For every € > 0 and T > 0,
integrating (13) on [0, 7], an application of the stochastic Fubini theorem yields (see Lemma 3.2 in [4],
and also Lemma 2.1 in [1])

T T Ky
A;:/ §(‘)€(s)ds+/ KS(T—S)(O'/ \/V;gdWr+J~f)ds,
0 0 0
where we recall that J€ = (ff )r>0 1s the process defined in (15). Taking expectations,

T T s T
E[A;]:/O fog(s)ds+/0 KS(T—S)E[O'/O \/V_der+J~f ds:/o &5 (s)ds, (34)

where the last step follows from the martingale property of the processes fo. \/V_rs dW, and J¢, ensured
by (14) and (15), respectively. Since by Assumption 3.1 the maps £7(-) are uniformly bounded, by
Markov’s inequality, (34) implies (32). As for (33), it follows by the same arguments, once we notice
that, by (34),

sup max {E[A?],E[Af—A;_(s]} <6 sup 5] —0 ass—0.
>0 £>0,1€[0,T]

Therefore, the proof is complete. O

Remark 3.5. If we consider the continuous solution V¥ to (10) without jumps, i.e., v(dx) =0 (hence
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distributions of A% = fo(') VE ds converge to those of X¢(.), where X. is the Lévy subordinator given
by

11
X,:inf{sZO:BS+—s=—t},
(o8 o

for a standard one-dimensional Brownian motion B. By (4), we infer that X,¢(.) is an 1G process

with parameters (0,0 ~2420%). Therefore, in the case of continuous dynamics, Theorem 3.5 extends

Theorem 2.1 by proving the convergence of the finite-dimensional distributions, rather than only that,
of the marginals at a fixed time t. Furthermore, Theorem 3.7 implies that the laws of A? converge, as
£ — 0, to the law of X 9(.) weakly on the path space (D (R4;R), My).

Appendix A: Proof of Lemma 3.2

We first recall the Riccati—Volterra integral equation in (17)-(18), which we re-write as

Welt) = /0 kot — ) f(s)ds + /0

= (ke = N+ (ke (50702 + Vi) ) @), 120 (A-D)

t
Ke(t = s>(§02w’i<s> + [ (@) — 1= xyo(s))v(dy) |ds
Ry

By Theorem 3.1, Chapter 5 in [30], k¢ is completely monotone, and by Theorem 2.2, Chapter 2 in [30],
t — (kg * f)(2) is continuous on R, (as f € L5 (R4;R_)). Moreover, the function G defined by the
relation

0, w >0

(™ —1-xw)v(dx), w<0
Ry

~ 1
G(w) — Ea'zw2 =

is continuous and non-negative on R. Then by Theorem 1.1, Chapter 12 in [30], there exists a continuous
noncontinuable local solution ¥ ¢ of the equation

Js(t) = (ke * f)(1) + (kg * 5(&8))(I)’ t € [0, Tiax)» (A-2)

for some Tinax > 0. Then, noting that G= %0'2(‘)2 + Vi (:) on R_, from the following lemma we know
that L; £ also solves (A-1) on [0, Tiax):

Lemma A.l. . is non-positive.

Proof. For convenience we define j: R — R_ by

1

— [ (™ = 1-wx)v(dx), w <0,
Jw)=qw Jr,

0, w > 0;

(A-3)

(which is continuous and non-positive), so %alw2 +w-j(w)= G (w) forw e R.
Then, for every T € (0, Tipax), from (A-2)

Je(t)z(/(s*f)(l)'*' / Ks(t_s)(%o—zlzs(s)+].({/78(s)))$8(s)ds’ te[0,7T].

J0 \ /
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By Remark B.6 in [7] (which allows to consider a possibly discontinuous function f) and recalling that
f <0, this reformulation enables us to use Theorem C.1 in [7] and conclude that o < 0 in [0, Tinax),
as T is arbitrary. O

Thanks to the discussion above and Lemma A.1, we can consider a continuous noncontinuable non-
positive local solution ¢ . to (A-1). In the next lemma, we show that ¢ . is in fact a global solution, i.e.,
it is defined on the entire R,.

Lemma A.2. Any continuous noncontinuable R_—valued solution ¢ to (A-1) is globally defined on
R..

Proof. Recalling the definition of V| in (17), we notice that %0‘21@ +Vi(¥g) =200n [0, Tnax), so (A-1)
yields

(ke f)(t) Se(t) <0, t€[0,Thax). (A-4)

Since k¢ * f is continuous and dominates ¢ . on [0, Tiax), ¥ ¢ cannot explode to —co at Tax. Then,
given that by Theorem 1.1, Chapter 12 in [30],

limsup [z (1) =0 if Tpax < 00,

t—Thax

we conclude that Tj,x = 0. ]

To complete the proof of Lemma 3.2, it only remains to establish uniqueness for (A-1). We do this
in the following lemma.

Lemma A.3. If Y and Y, are two continuous R_—valued global solutions of (A-1), then Y1 =y on
R+.

Proof. Consider | and ¢, as in the statement of the lemma. Then setting 6 =y — 2,
t
1
6= [ keta=9)( 30 w16) #0250
+/ (ex‘/’l(s) — 20— x (g (s) - wg(s)))v(dx))ds. (A-5)

Now let RZ = {(w1,w2) € RZ, w; <0 and wy < 0} denote the negative quadrant of the plane, and define
the auxiliary function /1: R2 — R by

1

s | (@ =™ —x(wr —wo))v(dx),  wi #wa,
h(wiwp) =4 "8~ "2 IR (A-6)
x(e™ —1)v(dx), otherwise.
R,

The map  is non-positive on its domain R?, because w — ¢ — xw is nonincreasing on R_ for every
. T . . 2
c c ergence theore on R : e the
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continuity at the points (w,ws) € R2 with wi = wy, consider two sequences W1.n)n> Wa,n)n CR_
such that

Win# w2, and lim w;,=w;=wy= lim wy,.
n—oo n—oo

Without loss of generality, suppose that wy ;, > wy , for every n € N. We then compute, using the
inequality |e* — 1 —u| < |u|? foru e R_,

|71(W1,n, wa,n) = h(wi, W2)|

1

- XWi,n
|W1,n - W2,n| R4+

e X2 =Win) 1 _x(wy = wi ) eXhn — ey (dx)

v(dx)+/R+x

<(/[ |x|2v(dx))|wz,n Ll +o0(1) — 0,

Considering that ﬁ(wl’n,wl’n) — h(wi,ws) by dominated convergence, the previous computations
prove the continuity of & at (w, wp) with wi = wy.

From the definition of /1, we have
/R (e =) 3 5) v @) =B (9 42(D)5(6), 520,
hence (from (A-5)) 6 solves the linear VIE:
s = [ - s>(%az<w1 () +02(5)) + h(1 (). 92(5)) |6 (s)ds.

This equation admits § = 0 as its unique solution by the first part of Theorem C.1 in [7], whence we
conclude that 1 = . The proof is now complete. O

Appendix B: Proof of Lemma 3.4

We recall that f is a locally bounded non-positive function defined on R, which we also write as
feLy (Ry;Ro). Moreover, for every € > 0, ¢ . is the unique solution of the deterministic VIE (17)-

loc
(18), whose well-posedness is established in Lemma 3.2. The arguments that follow also rely on the

following property of the kernel «, stated at the beginning of Section 3:

® 1
kel 21 0.00) = /0 celi)di =+

B.1. Relative compactness in L!

Fix T > 0 and a sequence (&,); C (0, o) which converges to 0.

I B.1. ( ) Imi / '[IZO[;
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Proof. (¥, ), is bounded in L'(0,T) because (from (A-4)) we know that

1
W ellLeo.1) < llke * fllL=(o.1) < kel o, ) lf L= 0.1) < /_l”f“L""(O,T)- (B-1)

Now define the extended maps ¢,,: R — R_ by

0, otherwise.

Gt = {wgn (0. ref0T],

To prove the lemma, by the Kolmogorov-Riesz-Fréchet theorem (see e.g. Theorem 4.26 in [19]), it
suffices to show that

}llirr%) ltnn = ¥nll L1 gy =0 uniformly in n, (B-2)

where 7y, is the translation operator defined by 7, g(x) = g(x + &) for an arbitrary function g: R — R.

Consider the case i > 0; when & < T, by (A-1), recalling (A-3) and (A-6),

T (1) = ¥n(t) = (ks * )t +h) = (ke = £) (1)

t+h
+/ Kgn(s)(%ozt/_/n(t th=s)+ (Gt +h— s)))t/_/n(t +h—s)ds

t
" / Koy ()0 (1 — 53 1) (i (1 — 5) — Gt — 5))ds
0

=L () + Wy (1) + (K, % (D (1) (T — ) (1), 1€ [0,T —h,

where I, ,(f) and II,, j,(¢) refer to the first and second lines respectively on the right hand side here,
and

1 - _ - _ _
On(t 1) = S0 (O (1) + 6 () + BT (0, Fn (1)), 1ER. (B-3)
Hence y = tpn — ¥ — Ly — I, solves the linear VIE

X =Kg, * (¢n(,h)(7—h'pn - 'ﬁn)) =Kg, * (¢n('§h))(+¢n(';h)(ln,h +Hn,h))

on the interval [0,T — h]. I, 5, IL,, , and ¢, (+; h) are continuous on [0, — k], so (given that ¢, (-; i)
is non-positive), Theorem C.3 in [7] implies that

|(Tnn = ¥n) (D] < L n (O] + My (O] + (ks % [0 (5 7) Ly + I ) )(2), 1 €[0,T —h]. (B-4)

We compute

T-h t+h T-h T
/O ( / Ksn(s)lf(t+h—s)|ds)dt= /O ( /0 1{s<t+h}1{s>t}Kgn<s>|f<r+h—s)|ds)dr

T T-h
:/O Kgn(s)(/o 1{t<s}1{,>s_h}|f(t+h—s)|dt)ds (by Tonelli)

SJ/Ulthn(S)( /S |f(t+h—s)|dt)ds+ /Tkg,,(s)( /S |f(t+h—s)|dt)ds

\J0 / Jh \Js—h /
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<

~|

Al fllz=(0,7)s (B-5)

where h appears in the final term since both inner integrals have range < h. Thus, denoting by f =
f1lio,r] € L (R) and using Theorem 2.2, Chapter 2 in [30],

T-h
/0 L (1) d1

T=h rt T-h | pi+h
s/ﬁ /0 (Ksn(s)|(Thf—f)(t—s)lds)dt+/0 ([ Ke, ($)|f(t+h—s)|ds|dt

T-h
o 2 1 - 2
< ( /0 Kgn(s)ds)||mf—f||L1<R) + Zh e 0.m) < <l = Pl ey + ShIFlisce)-

Since these estimates do not depend on n € N, the continuity of the translation in L! (R) (see, for
instance, Lemma 4.3 in [19]) yields that

T—-h
lim / |L.,n(2)|dt =0 uniformly in n. (B-6)
h—0+ Jo

Given that (¢,,), is bounded in L*(R) by (B-1) and j(-) (defined in (A-3)) is continuous on R, the
same computations as in (B-5) (but with 1 in place of f) show that

T—h
lim / [IL,,5(2)|dt =0 uniformly in n. (B-7)
h—0+ Jo

Then (again by (B-1) and the continuity of /), there exists a constant C > 0 such that
|pn(t;h)| <C, t,heR,neN,

where ¢, (-; h) is defined in (B-3). Therefore

T-h

T-h 1
/ (ke #1903 ) (B + Ty ) DOt < C f (L ()] + T (),
0 0

whence (by (B-6) and (B-7)),

T-h

hlin(} [(ke, * |@n(-sh)(Lyp + 10, )])(2)|dt =0 uniformly in n. (B-8)
—0+Jo

Combining (B-6), (B-7) and (B-8) in (B-4) we deduce that

im (|70 —¥nllp1 07—y =0 uniformly in n. (B-9)
h—0+ ’

On the interval [—#, 0] the maps i, equal 0, hence, by (B-1),

0
I = Fulls oy = | 10 Ot < (001l oy i = 0 wniformly in
g . =
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In a similar way, on the interval [T — h,T]

T
B =Gl ronry = [ 10a(01dr < (spl Bl sy b = 0 uniformly in
T—h n h—0+

The three previous equations yield

hlinol+ lThn = ¥nllp1 ) =0 uniformly in n.

When /& < 0, assuming without loss of generality that || < T we can simply write
(LA l/_’n”Ll(R) = ||lﬁn||L1(o,\h|) + ||Thl/;n||Ll(T,T+|h|) +gn - Thlpn||Ll(|h|,T)

< 2(sup ||¢ﬁn||Lm(R))|h| + T n = ¥all L 0.10-10)) P 0 uniformly in n,
n —U—

where we use (B-9) for the last limit. Therefore (B-2) is verified and the proof is complete. O]

B.2. Characterization of the limit points of ¢ .
Lemma B.2. ForeveryT >0and g € L'(0,T),
r 1
tim [ (ko +9)(0) - e (0]ar =0,
=00 A
i.e. Kg % g converges to %g in L'(0,T) as € — 0.
Proof. Let ¢ > 0. By the continuity of the translation in L' (R) (see e.g. Lemma 4.3 in [19]), there

exists an 7 = n(c) € (0,T) such that, defining g = gljo,7] € L'(R), fOT |g(t —s) — g(t)|dt < ¢, and
hence

T
/ lg(t— ) — g(D)di <c,

for s € (0,7). Then from Tonelli’s theorem and some straightforward manipulations,

T T . .
‘/0 ’(Ks*g)(t)_%g(t))dlﬁ‘/o (/0 Ka(s)|g(t—s)—g(t)lds+|g(t)|(%_/0 Kg(s)ds))dt
n o T T - X .
_{/O +/77 }Kg(s)(/s Ig(t—s)—g(t)ldt)ds+/0 Ig(t)l(/—l—/0 Kg(s)ds)dt

1 T T 1 t
S—c+2||g||L1(O’T)/ Kg(s)ds+/ |g(t)|(——/ KS(S)dS)dl‘,
A " 0 1 Jo

and hence (by the dominated convergence theorem and (12)),

T
1 1
limsup/ ‘(Ks xg)(1) — —g(t)’dt < —c.
0 pl A

e—0

; be. cf bitrari] r ‘i ] N
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Now recall the € = 0 solution i defined in (19), see Lemma 3.3. Then we have the following:
Lemma B.3. Consider T > 0 and a sequence (&), C (0, 00) which converges to 0. Suppose that there
exists a non-positive function € L'(0,T) N L*(0,T) such that Y ¢, — & in L' (0,T). Then { = g
a.e. in (0,T).

Proof. Recall our original VIE in (A-1): ¢ = k¢ * f + ke * G( ). Multiplying by A, taking the
difference with (19), and adding and subtracting A(k, * G ())(t), we see that

AW, (1) —¥o(1))
=Akg, * (1) = f(1) + Akg, * (G(Wg,) = GW)))(1) + Ake, *GW)) (1) = G(o(r)) (B-10)

for every ¢ € [0,7]. By Lemma B.2, considering that G (i(-)) belongs to L'(0,T) because ¢ €
LY0,7) N L®(0,T) =L*(0,T),

Tlim 1A(ke, 5 )= flliory =0 and  lim (ke * G(@) = GGl .r) =0,
and, using the map / defined in (A-6) in the proof of Lemma A.3,
ke, = (GWa,) =Gl < Alke,llLionlIGWe,) = GWllLio.r)

1 - - _ _
< Sug(zUzﬂlﬂan +Yllz=(0,1) + ||h(wan7W)||L°°(0,T))”lﬁsn =Yl
ne

1 1 — ~ - -
<503 (FM ) + 1o,y ) + 5P Wh W e D)0, | W0, = Pl 0.7 2,0
2 /l neN n—0oo

Note that & is continuous, and hence bounded in compact sets, and since ¢, and i are (uniformly)
bounded, they take value in a compact set (ball), a.e., so the supremum in the final line is finite. Thus,
from (B-10) we deduce that

AW (1) =o(1) = G(§ (1) = G (Yo (1)) = (%0'2(!17(0 + o (1) +h( (2), d/o(t))) (W (1) = ¥o(1)),
fora.e.r € (0,7).

This implies that ¢ = ¢ a.e. in (0, T). Indeed, if there exists a subset N C (0, T) with positive Lebesgue
measure where i/ # i, then dividing the previous equation by ¥ — ¢ gives

A= 5020 + o) + 1), 00() <0 ac.in N,

which is a contradiction since A > 0. The proof is now complete. O

B.3. Conclusion

From Lemma B.1, we know that every sequence (¥, ), of solutions to (A-1) (where (&,), C (0, )
converges to 0 as n — co) admits a convergent subsequence (wgnk Yk in L1(0,T). Since (¥ ¢) g0 is a
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subsequence belongs to L!(0,7) N L*(0,T) and is non-positive, as well.

By Lemma B.3 in Subsection B.2, there exists a unique possible non-positive L' (0,7)—limit point
for (wsnk)k in L1(0,T) N L*(0,T): v, the unique non-positive solution of (19). Therefore, by the
subsequence convergence principle we conclude that

lim .=y inL'(0,7).
£—0

Appendix C: Laplace transform of hitting time to an upper barrier
for a spectrally negative Lévy process

Let X be a spectrally negative one-dimensional Lévy process, i.e. vx (0, o) =0, where vx is the Lévy
measure associated with X, and assume Xy = 0. Suppose that vy satisfies

/ |x[vx (dx) < oo; (C-1)
(—c0,~1)

by general properties of Lévy processes (see e.g. Theorem 25.3 in [37]), (C-1) ensures that E[ | X;|] < oo
for every t > 0.

In the next proposition, we establish a formula for the Laplace transform of the first hitting time of X
to upper (non-negative) barriers.

Proposition C.1. Consider a spectrally negative one-dimensional Lévy process X with Lévy measure
vx satisfying (C-1), with X not identically zero. Suppose that

v :=E[X;] =0.

For every b > 0, denote by 1, the first hitting time of X to b, i.e. 7, =inf{t > 0: X; > b}, and define the
function V: Ry — R, by

1
V(o) = 5P avps [ (-1 pi(an. po0.
R-
where 0')2( > 0 denotes the Gaussian component of X. Then for all g > 0
E[e~97] = e V@) (C-2)
where V=1 is the inverse of V.

Proof. By Theorem 25.17 in [37], for all p > O we have
logE[ePXt] =tV (p), t>0. (C-3)

Thus, V is the logarithmic moment generating function (or cgf) of X; on R,. It then follows from
Lemma 2.2.5 in [23] that V is convex. Moreover, V is continuous and differentiable, with

V(p)=y+(ox)p+ /R (e~ Dvx(dv), p>0.
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From the stationary and independent increments property one can verify that M; := ePX:=V(P)t ig
an X —martingale. Indeed, for 0 < s <1,

E[M,|FX] = E|eP Xe=Xo) | X opXs =V (P}t ZE[epxt_s]ers—Wp)z =M, (C-4)

where we use (C-3) for the third equality.
Now choose p > 0. Then applying the Optional Stopping Theorem to the bounded stopping time ¢ A 7,
we have

1 = E[thb(l{rbsr} + 1{7b>t})] — E[epb—V(P)Tb 1{7;,§t}] + E[epxt_v(p)tl{‘rb>t}] .

Here for the second equality we use that X;, = b when 7, < co (P-a.s.), because X can only have
negative jumps. Using the monotone convergence theorem and that lim;—co 1 {7, <z} = 1{7, <c0} fOr the
left term, and the bounded convergence theorem for the right term (with the bound e”?, since V > 0 on
(0, 00)), we can take the limit as t — oo and take the limit inside the expectation to obtain

1= E[eph_V(P)Tb 12y <co}]-
V is a bijection from R onto itself (since y > 0), so we can re-write this as
E[e 9™ 1 (1, cep] =™V @, g>0. (C-5)
Letting g \, 0 and using the bounded convergence theorem again, we see that
-pv-! 04+,

P(tp < 00) =E[l{7,<e0}] =€

where V=1 (0+) = lim\ o V~1(g). Since V! is continuous on R, we deduce that V= (0+) = V~1(0) =
0. Consequently, 75 < oo P—a.s. and (C-5) becomes (C-2), completing the proof. O

Remark C.1. When y > 0, for every b > O the finiteness of the stopping time Tp, can be directly inferred
from the LLN in Theorem 36.5 of [37].

Appendix D: Brief formal derivation of the main idea in [3]

Consider a family of hyper-rough Heston models (with zero mean-reversion for simplicity) for which
the quadratic variation of the log stock price satisfies

1 t
(logS™); = X;‘:Vot+(Hn+§)o-/ (t—s)H"‘%WX?ds
0

for H,, € (—%, 1). We refer the reader to [34], Section 7 in [1] and Section 5 in [28] for more on this
model. From Lemma 2.4 in [3], we formally expect that

1 t
liml(Hn+§)o"/ (t- )1 Wynds = oWy, ,
Ho N\ 0

where X is the weak limit of X", so we expect X to satisfy

X,Zan‘+()'W¥I D-1)
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Now let
Yi=-t+oW; (D-2)

and set X, = H_vy,:, where H, =inf{t : Y; = b}. Then setting ¢ — X; in (D-2), we see that
Vot ==X, + oWy, (D-3)

i.e. X satisfies the same equation as X, in (D-1). Hence (using the notation/setup in Lemma 2.3 in [3],
i.e. c =—-Vy, b =0 and a = —1), we deduce that X is an Inverse Gaussian Lévy process with parameters

Ve

To analyze this process with VIEs, using that ﬁ =a+0(a?) asa—0 (e as H— —%), we see
that the usual rough Heston VIE (with p = 0) takes the form

#(1) = ﬁ‘/ot(t—s)a_l(— %(u2+iu) + %a’zqﬁ(s)z)ds
= (l+0(a/))cz‘/0t(t—s)“_1(— %(u2+iu) + %o-zqﬁ(s)z)ds — —%(u2+iu) + %0'2¢(t)2

as @ — 0 (again using Lemma 2.4 in [3]), which is just an algebraic equation for ¢. If we ignore the
linear term in u for simplicity (i.e. ignore the drift of the log stock price), then the (relevant) solution
to this equation is ¢ () = #(1 - V1 +0%u?), i.e. the smaller root as in the proof of Theorem 2.1.
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