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Abstract

A small-time Edgeworth expansion is established for near-the-money European options under a general rough
stochastic volatility (RSV) model driven by a Riemann-Liouville (RL) process plus an additional generalized tem-
pered stable Lévy process with Y € (1,2) when H € (1 — 1Y,2(1 — 1Y) A 3) ', in the regime where log-moneyness
log s% ~ zy/t as t — 0 for z fixed, conditioned on a finite volatility history. This can be viewed as a more practi-
cal variant of Theorem 3.1 in Fukasawa[Fuk17] ([Fukl17] does not allow for jumps or a finite history and uses the
somewhat opaque Muravlev representation for fractional Brownian motion), or if we turn off the rough stochastic
volatility, the expansion is a variant of the main result in Mijatovic&Tankov[MT16] and Theorem 3.2 in Figueroa-
Lépez et al.[FGH17]. The 2/t regime is directly applicable to FX options where options are typically quoted in
terms of delta (.10, .25 and .50) not absolute strikes, and we also compute a new prediction formula for the Riemann-
Liouville process, which allows us to express the history term for the Edgeworth expansion in a more useable form
in terms of the volatility process itself. We later relax the assumption of bounded volatility, and we also compute a
formal small-time expansion for implied volatility in the Rough Heston model in the same regime (without jumps)
which includes an additional at-the-money, convexity and fourth order correction term, and we outline how one can
go to even higher order in the three separate cases H > é, H = % and H < é.Q

1 Introduction

[Fuk17] derives a small-time Edgeworth expansion for European options under a rough stochastic volatility model
where the volatility is a function of the solution to an SDE with an unspecified drift and a linear noise term given by
two-sided fractional Brownian motion(fBM), in the asymptotic regime where log-moneyness log SKO = 2/1, for z fixed.
[Fuk17] uses the Muravlev representation for fBM, but using the stochastic Fubini theorem, one can show that the
Muravlev representation is equivalent to more commonly used Mandelbrot-van Ness representation. The zv/t regime
is directly relevant to FX options where options are quoted in deltas not absolute strikes, because fixed strike option
prices move around too much. [Fuk17] also show how to include the history of the fBM into the asymptotics, which
has been ignored elsewhere in the literature except in the context of the Rough Bergomi model where the history can
be inferred from the forward variance term structure, see e.g. [BFG16]. El Euch et al.[EFGR18] go to the next order
in this expansion for a class of models which includes the Rough Bergomi model with a non-flat initial variance curve
term structure, using a Fourier transform approach with an asymptotic expansion of the characteristic function of the
log stock price.

[BFGHS19] derive small-time asymptotics for European options under a rough stochastic volatility in the so-called
“moderate deviations” regime, using a stochastic Taylor series with a Laplace approximation inspired by the earlier
work of Ben-Arous[BA88|, which involves using the Cameron-Martin theorem for (fBM) to switch to a measure under
which the large deviation event is no longer atypical, using the solution to the associated unperturbed control ODE
which minimizes the rate function (the cheapest admissible control in their terminoogy), [BFGHS19] also compute a
Taylor series expansion for the rate function in [FZ17] for the large deviations regime.

[JR16] introduced the Rough Heston stochastic volatility model and show that the model arises naturally as the
large-time limit of a market microstructure model driven by two nearly unstable self-exciting Poisson processes (oth-
erwise known as Hawkes process) with a kernel containing a Mittag-Leffler function which drives buy and sell orders
(a Hawkes process is a point process where the intensity is itself stochastic and depends on the jump history via
the kernel). The microstructure model captures the effects of endogeneity of the market, no-arbitrage, buying/selling
asymmetry and the presence of metaorders. [ER19] show that the characteristic function of the log stock price for the
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Rough Heston model is the solution to a fractional Riccati equation which is non-linear (see also [EFR18] and [ER18]),
and the variance curve for the model evolves as d&,(t) = k(u — t)\/V,dW;, where k(t) is the kernel for the V; process
itself multiplied by a Mittag-Leffler function. Theorem 2.1 in [ER18] shows that a Rough Heston model conditioned
on its history is still a Rough Heston model, but with a time-dependent mean reversion level 6(t) which depends on
the history of the V' process.

[GK19] consider a more general class of affine forward variance (AFV) models of the form d&,(t) = k(u—t)v/VidW,
(for which the Rough Heston model is a special case). They show that AFV models arise naturally as the weak limit
of a so-called affine forward intensity (AFI) model, where order flow is driven by two generalized Hawkes-type process
with an arbitrary jump size distribution, and we exogenously specify the evolution of the conditional expectation
of the intensity at different maturities in the future, in a similar fashion to a conventional variance curve model.
The weak limit here involves letting the jump size tends to zero as the jump intensity tends to infinity in a certain
way. Using martingale arguments (which do not require considering a Hawkes process as in the aforementioned El
Euch&Rosenbaum articles) they show that the mgf of the log stock price for the AFV model satisfies a convolution
Riccati equation, or equivalently is a non-linear function of the solution to a VIE. [GGP19] use comparison principle
arguments for VIEs to show that the moment explosion time for the Rough Heston model is finite if and only if it is
finite for the standard Heston model, and they establish upper and lower bounds for the explosion time.

In this article, we derive a small-time Edgeworth expansion for near-the-money European option under a rough
stochastic volatility (RSV) model driven by a Riemann-Liouville (RL) process plus an additional independent tempered
stable (CGMY /KoboL) type process (c.f. [BLO0]) with Y € (1,2) (i.e. infinite variation), in the Central Limit Theorem-
type regime where log-moneyness log 550 ~ z\/t as t = 0, for z fixed. Unlike [Fuk17], our result only requires a finite
history and our history correction term is expressed in terms of history of the RL process itself (or equivalently the
volatility) and thus easier to compute in practice. For the parameter range considered, we find that the jump component
gives the first order correction to the call price and the Rough stoc vol component gives the 2nd order correction, and
the CGMY component gives rise to a (re-scaled) short-maturity smile which is non-affine in z, in contrast to the
pure rough stochastic volatility model in [Fuk17], which affords greater flexibility in fitting short-term smiles in FX
options. The jump term is a variant of Theorem 1 in Mijatovic& Tankov[MT16] and Theorem 3.2 in Figueroa-Lépez et
al.[FGH17], and we corroborate our results numerically using the moment-matching Monte Carlo scheme described in
Horvath et al.[HJM17], and changing to a measure under which the tempered stable process is a pure a-stable process.
We also give a self contained proof of the inversion formula for the RL process (i.e. a formula for the driving Brownian
motion expressed in terms of the history of the RL process), and use this to compute a new prediction formula for
the RL process. We conclude by deriving a formal small-time Edgeworth expansion for implied volatility under the
popular Rough Heston model (without jumps) by solving a nested sequence of linear Volterra integral equations, which
gives a (higher order) at-the-money and convexity correction to the first order skew term. We also give a blueprint on
how to go to higher order, for which there are three separate cases H > %, H= % and H < % to consider.

1.1 Model setup
We work on a probability space (€2, F,P) throughout, with filtration (F;);>¢ satisfying the usual conditions. We assume

interest rates are zero and consider the following rough stochastic volatility model with jumps for a log stock price
process X; = log Sg:
dX; = —%v(Y})zdt +v(Y3) (pdWy + pdW ) — dLy , 1)
Yo=Y, + V2H [} (t—s)H-2dW,

for H € (0,1) and to < 0, where (W,)icr, (Wi-)i>0 are two independent Brownian motions, |p| < 1, p = /1 — p?, and
_Maz G|
(Lt)t>0 is a generalized tempered stable process with Lévy density v(z) = %lwo + CI;TWIKO independent

of W and W+ with Y € (1,2) and E(e~(F+=L0)) = 1 for all ¢ > 0. This implies that

L — —iu(Ly—Lo)y _ iubt+CyD(=Y)t[(M+iu)Y —MY]+C_T(-Y)t[(G—iu)¥ —G¥]
¢ (u) = E(e ) e (2)

with b chosen so that ¢F(—i) =1, i.e.
b= —Ci((M+1)Y = MVID(=Y) = C_((G—1)Y = G¥)I(-Y) (3)
which ensures that e~%¢ is an Ff-martingale.
We assume for now that v € le, with 0 < v(y) < 0 < 0o0; we will relax this assumption in Subsection 2.1.
From here on, we assume X; =0 so Sy =1 and Y;, = 0 without loss of generality (since otherwise we
can just modify v(.) so that ¥;, = 0) and Ly = 0 (also without loss of generality, since all Lévy processes
have stationary and independent increments).

Remark 1.1 Note that Y; = v2H [,

o (t—to— s)H-2dB, = ZH, where B, = W, is also a Brownian motion and

zl = \/ﬁ/ot(ts)Hést (4)



is a standard Riemann-Liouville (RL) process, which is a Gaussian H-self-similar process like fBM (and Z has the
same marginals as fBM), but Z# does not have stationary increments. We interpret ¢ as a reference point in the past
(e.g. the date of the company’s IPO when the stock started trading) and ¢ = 0 as the current time, and we assume
we know the history of Y over [to,0], and we wish to incorporate this history into our asymptotic call/put option
estimates.

1.2 Conditional decomposition of the Riemann-Liouville process

Our first important observation is that Y admits the conditional decomposition:
0
You—Yy = V2H [(9u — )73 — (=s)7=3)dW, + V2H / (u — s)7T—2dW,
= ((fu) + V2 / (Bu — s) _%dWs (5)

for # > 0 and u € [0,1], where ((u) := E(Y,|F)") — Yo = V2H ft?)[(u — s)=2 — (—s)H~2]dW,, which is a Fredholm
Gaussian process in u (see [SV16] for more on these type of processes). We now define

VY = 077 (Ye, —E(Y9|FY)) = 6 V2H / (Bu— )T 2dW, ~ N(0,u*")
and ((Au) and Y, are independent, since they solely depend on (respectively) W before t = 0 and after ¢ = 0.

1.3 The inversion formula for the Riemann-Liouville process

Lemma 1.1 (Inversion formula for the Riemann-Liouville process and equivalence of filtrations). We have the follow-
ing inversion formula for the Riemann-Liouville process Z} defined in Remark 1.1:

_ t_s —H j7H
B, = /O(t )2 Haz! (6)

where ¢ = [v2H(
[Jost06]).

— H)wsec(Hr)|™t = [V2 F(% — H)T ( + H)|™! and FP = ]:tZH (see also Remark 5.5 in

=

Proof. See Appendix F. =

Remark 1.2 See Figure 4 for numerical test of (6) using Monte Carlo.
In practice, we would observe the sample path of v(Y;) not W, but for ¢ > ¢y, we can re-write W; in terms of Y; as
t—to t
W, = Bi4 = aH/ (t—ty—s)> Hdzl = aH/ (t —u)zHay,
0 to

(where we have set u = s + 9, and By = Wiy, and Zg{ = Yit4, as in Remark 1.1). But we know that Y; =
Y, +V2H ftto (t — s)H—2dW,, hence we see that F}V = FY.

1.4 Small-time tail estimate for the Lévy process in the k, = zv/t regime
The following lemma will be needed in the sequel:

Lemma 1.2 3 Let L be a Lévy process with a Lévy density vy, (x) which is bounded by m%l{wgo} for some C > 0.
Then for any a >0, and 0 < € < % — =, there exists a constant K > 0 such that for 6 sufficiently small, we have

P(|Lg| > af?) < P(|Lg| > af>te) < KO3
Proof. See Appendix B. m

Remark 1.3 For our two-sided tempered stable Lévy process L, we can easily verify that under the measure P*(A) :=
E(e Lt14) for A € F, if G > 1 then L is still a two-sided tempered stable Lévy process (recall that we imposed that
E(e~Lt) = 1), but with M replaced by M := M + 1 and G replaced by G := G — 1 (see also [FLF12] below Eq 36 and
section 2 in [FGH17]). Thus from Lemma 1.2 we also have that

E(e 01 ) < KoY (7)

|Lo|>ab2

for some constant K5, and 6 sufficiently small.

3We thank Hongzhong Zhang for outlining the main arguments of this proof



2 The main result

‘We now state the main result of the article.

Theorem 2.1 For the model in (1), if H € (1 —3Y,2(1—3Y)A3), G > 1 and M > 1, then we have the following
asymptotic expansion for the price of Furopean put option with strike Soe\/gz (with z € R) at time t = 0:
1 z
ﬁE((Soeﬁz —SO)HF) = Elz— X)) 4 072 A (2) + 9H(Oé+ﬁe)¢(77) + o(6") (®)
0
a.s. as 0 — 0, where ¢(z) is the standard normal density, XO ~ N(0,v3) is a Normal random variable independent of
L

7

vg = v(Yp)
and
1 > —iuz ,—2viu? - \Y —2 - \Y —2
A(z) = ;/0 Refe~ e 3% (O, T(=Y) (i)Y 2 + C_T(=Y)(—iw)¥ ~2)du

o a Y)

~ TG mE T H) oY)

1 0

Be = Q_Hv'(YO)/O C(Ou)du = 9_HU’(Y0)/tU ap(s,0)Yyds (9)

where ap(s,0) = L cos(Hr) fol(—%“)%“qﬁdu. B is a family of FV -measurable Normal random variables with zero
expectation, and Var(By) — v'(Yp)?( as 0 — 0, where

0 1
L = 2H/ [/ [(u—2)T"% — (=) 3|du]?dz < oo
—oo JO
(note that ¢ is independent of 6) and

1 1
97H\/ C(Ou)du| < (a1 +€)/ (logi)%quu
0 0 Ou

a.s. for alle > 0 for some deterministic constant c; and all non-negative 6 less than some (FY -measurable) 6*(g,w) > 0,
so in particular 88y — 0 a.s. as 8 — 0.

Remark 2.1 If tg = 0 then By = 0, i.e. there is no history term.

Remark 2.2 (9) shows that for a RSV model with a general non-linear v function, knowing the forward variance
curve E(v(Yp,)?|Fo) is not directly relevant to the small-time Edgeworth asymptotics, rather it shows that what really
matters is ((6u). Thus if we evolve the model to a later time ¢, looking at the updated forward variance curve
E(v(Yit0u)?|F:) will not help us determine the updated small-time Edgeworth asymptotics (see also Eq (18) in the
proof below which is the starting point for this Theorem before we let § — 0, and also shows why the variance curve
itself is not directly relevant). We only know of explicit relationships between the variance curve and the history £(.)
for specific parametric models like Rough Bergomi, fractional Stein-Stein and the Rough Heston model (see Theorem
2.1 in [ER18] for the latter). Blind use of variance curves also frequently ignores the regularity properties that variance
curves should have as the maturity T approaches the current time ¢, which is closely related to observation in Eq (38)
below that ((#) has law-of-the-iterated log-type behaviour at the front end as 8 — 0.

Remark 2.3 By Theorem 1 in Gassiat[Gas19]), S is a martingale, so in particular put-call parity is preserved, and
using the put-call parity we see that

%E((se—soeﬁszg) - %So(l—e‘/éz)—i—%]E((Soe\/az—Sg)ﬂ]—'{)
= ot LRV = ) HFY) + O(V0) (10)

Vo

as § — 0, where we have also used that Sy = 1.

From here until the end of Subsection 2.1, the expectation symbol E(.) means E((.)|F}) = E((.)|FY)
unless otherwise stated.



Proof. Now let S; = S;elt, i.e. the S process with the tempered stable Lévy process removed (i.e. essentially the
same process that [Fuk17] but with zero mean reversion for V). Then we see that

E((SpeY?* — Spe~Loyt) = E(e Lo (Spe¥?EH ) — Gp)). (11)

Thus we can price a put option under the model with jumps as a put option under the model without jumps but with
an adjusted (stochastic) strike and an additional e~%¢ factor inside the expectation. Now let

X8 = 672(Sp. — S0)/So (12)
i.e. the same as Xg in [Fuk17]. Then
0 0

(13)
where B; := oWy + pWit and B, = 072 By,. Setting XG = v~ (pru + pWeu) ~ N(0,v3u) we see that
dX? - X8 = (u(Ygu) —v0)dBy + VOXC0(Yp,)dB,

and applying the [t6 isometry to this expression, we see that

E(X] - X7)?

1 1 1
/ E((v(Ygy) — v0)?)du + 2/ E((v(Yay) — v0)VOX0(Yyy))du + 9/ E((X2)%0(Ypy)?)du
0 0 0

S’Gu - SO
So

IN

/0 E((0(Ypu) — v0)2)du + 2E((u(¥a) — v0)?)} D E(((

P+ [ B v, du.

(14)

Clearly E((SO“*SO) v(Ypu)?) < UQE((SQ“*SO) ) — 0 as § — 0 uniformly for u € [0, 1], using that E(S52) < S2¢**t. Then
applying the bounded convergence theorem to all three terms in (14) we see that

lim B((X; — X7)*) = 0 (15)

i.e. X7 tends to X’fj in L2.

We now let W¢ := 0= 2Wp, =6~ 2 eu dWy, and recall that Y,/ = %ﬁ”}% ~ YY) where Y2 ~ N(0,u?"), i.e.
independent of 6, so trivially YG Y. We also note that

EWIY!) = E(0™2W, -0~ "V2H / (Ou— )= 2aw,)
L Ou Ou .
- 5/ AW, -0~ HF/ (u—r)'=2dW,) = nu''tz (16)
where 7 ﬁ (this calculation also appears in [Fuk17]), hence
2
E(X%v?) = poonu T (17)

and (X? Yf) has a bivariate Normal law (independent of 6) with E((X?)?) = v2u, E(X?Y?) = puonuf’tz and
E((Y))?) = u?!.

Let p(z,u) = p(z,u; 2) :== E(A—voWh) T |vgW,, = z) for u < 1 (page 4 in [Fuk17] gives explicit formulae for p(z, u),
po(x,u) and py.(z,w)), which satisfies the heat eq: p, + %vgpm = 0 with terminal condition p(z,1) = (A — )™, where
A = A(z) is defined as on page 3 in [Fukl7] as

ez‘/é—l
Az) = 75
Note that
Vo _
E(p(X?1) = E(A- XN = E((Tl X0h) = % (Y — (14 VOXI)) = %E(( M—ﬁ—i

§0.0) = A(E)+uwd(D) = 20(D)+welD) +OWA) = (- XI)) + O(VE)



and recall that X¢ is just any N(0,v3) random variable which is independent of L. Applying It6’s lemma to p(X?, u)
and using (13) and integrating over u € [0,1] and taking expectations as in [Fuk17], we have

BG(T. D) = p(X§.0) + [ B+ VOXDR 0o (X0 (¥ + (XL, )

p0.0) + 3 [ a1+ VIXO0(00)? ~

B~ X0)%) + OVB) + & [ Blpua (X )1+ VBXE) 0(Yi)? — i)

using the heat equation above. Thus we have

€
Vo

BT = 30) — E(AE) - X)) = 3 [ B X[+ VEXDPu(Yo + (0w + 07¥1)? ~ i
(15)

(recall again that X{ ~ N(0,v2)); this is also the first main equation in step 3 on page 9 in [Fuk17].

Lemma 2.2 Ly/\/0 tends weakly to 0 as § — 0.

Proof. Using (2) we can easily verify that E(eiT%L") — 1 as 6 — 0; the result then follows from the Lévy convergence
theorem (see e.g. chapter 18 in [Wil91]). m

To incorporate the additional independent Lévy process L, we set Lg := Lg/v/@ and combine (18) with (11) to
obtain

L peve - %
TR =)

R 1 1 R
= E(e*Lsp(O, 052+ Lg)) + 5 / E(efL"pm(XZ,u; z+4 Lg)[(1+ \/éXS)QU(YO + ¢(Ou) + QHY,f)Z - Ug])du
0

= E(e " (A(z+ Lo) - X7)*)

+ % /1 E(e Lpan( X2, us 2 + Lo)[(1 + VOX2)20(Yy + C(Bu) + 7Y% — 03))du
0
= Ele™"(z — (X7 - %D*] + O(Vo) + ;/01 E(e ™" paa (X3, 12 + Lo)[(1+ VOXT)?0(Yo + ((0u) + 07Y)? — vf])du

(19)
where we have used Lemma 2.3 below in the final line, and recall that X{ ~ N(0,v3).

Lemma 2.3

e*VO0+Lo _ q ot L, Ly ot )

Proof. Recall that Ly := Lg / V0. Then by the Taylor remainder theorem applied to the exponential function, we see
that

E(e " (A= + Lo) = X))T) = E(e™(

Z\/@-‘,—Le _ \/@(Z-‘ri/g) —
el xh = E(e‘“(;
Vo Vo
VO (2 + Lo) + 26(z + Lo)?et
Vo

o 1 o
= E(e (24 Ly + 5\/é(z + Lg)%et — X))

E(e e ( - X171

= E(eto(

for some € € (0,v0(z + Lg)) = cv/0(z + Lg) for some (random) constant ¢ € [0,1] (note £ may be negative). Then

eZ\/§+L9 _ 1

Vo
1 ) X .
- 5\/§E(e LQ(Z+L0)2€C\/§(Z+L0)1z+ie—xi’>o)

E(e™( ~ X)) - E(e (= + Lo — X7)T)

— T 1 T c 2+L
+ E(e ™ (2 + Lo + 5VO (2 + Lo)%e VICHLD) — X)L X0 <ot fot 30 Loyrecviieti)) - (20)



The first term here is less than or equal to
1 f —Lg £ N2 eVO(z+Lg)
5 OE(e™ (2 + Lg)"e (142,50 T 1-x950)) (21)

and the first term in (21) is less than or equal to

\/6629 E((Z+E9)2€cx/§(z+ﬁ9)) < \/éeZGE((Z—F &)26\/5(Z+i19)) + \/éez9E((2+ &)2) (22)
Vo Vo
Using (2), we now recall the following relations:
B(Locrh) = ZBE@) = oN@NY = o)
2
BLirh) = ZSE@D) = (6N () + PGP = 0

for p € (=G, M), where A(p) = —pbf + C . T(=Y)O((M — p)¥Y — MY) + C_T(-Y)O((G + p)¥ — GY). Using these
asymptotic relations and using that 0 and 1 lie in (=G, M), we find that (22) is O(V/9).

Similarly, since Ly and X} are independent, the second term in (21) can be broken up as
1 A 7 1 A ;
FVOE(e " (z 4+ L) V" HN)P(-XD > 0) < SVOE(e™" (24 L) eV +10))
1 — T c 241
= 5\/5153(6 Lo (5 + Lg)2e Vo( +Le)(1£9>_z + 1£9<_z))

1 . N
= JVOE(e " (= + Lo (") 1)

and the final line is O(ﬂt)) using the same argument as above.
The final term in (20) can be bounded as

1 . 1 ~ )
]E(e Le(g\/é(zJrL0)265)+1z+ﬁ9—X?<0<z+ﬁ9)+%9(z+ﬁe)2e§) < 5\/6]]4:(6 LG(Z+L9)265)

and again use the same arguments as above to show this is O(v/6). =

We can trivially decompose the final integral term in (19) as

1
/ E(e 0 pan(X? us 2 + Lo)[(1 + VOX)?0(Yo 4 C(0u) + 07 Y?)? — v2)]du
0

1
| Bl (Xl + Lo)[o(Ya + C(0u) + 0" ¥)((1 + VEXL)? — 1))
0
1 A
+ / E(e™ " pua (X7, us 2 + Lo)[(0(Yo + ¢(0u) + 07Y,))? — v(Yo + ((6u))?)])du
0
1
- / E(e™" paa (X, us 2 + Lo) [(v(Yo + (0u)? — v§)])du (23)
0
and (as in [Fuk17]) we deal with the three terms separately in the analysis which follows.
Ly

~ Vo
using a put-call parity argument. Let W denote a Brownian motion independent of L. Then

We first compute an asymptotic expansion as § — 0 for the E[e=2¢(z — (X? — £2))¥] term which appears in (19),

1 ~ L
—E[e L (vuWy — Ly — 2V/0)T] = Ele~Lo(X0 — 2% _ »)*). 24
el Lo - V)] = Bt - 2y 21
Moreover we know that
Ly Ly Ly
X020 gty = (XD Pt x0 o
( 1 \/a ) ( ( 1 \/a)) 1 \/g
Then multiplying by e~ ¢ taking expectations and using that E(e~7¢) = 1 and E(e~ ¢ %) = O(V/#) we see that
E(e (X0 - 22 ) 42 = E(e (- (X0 - L)t £ B2 = Bt — (X0 - L)) + 0(vh)
Vo Vo Vo Vo



Proposition 2.4 Under the assumptions on'Y and H in Theorem 2.1, we have

1 1 o 1,22 . d
E[e~Lo(x? — i )] = EBle bo(X? - 2)t] = 91_5Y;/0 e 2% Rele ™ (iu) Y T(=Y)(Cy + C'_)]u—z

+ 0> Y3y,
Remark 2.4 Note that O(02=2Y) = o(H) under the assumption in the main Theorem 2.1.

Remark 2.5 From (25), we see that we have the same asymptotic behaviour for E(e=%¢(z — (X — %))*) at this
order, so this yields the first correction term in the main Theorem 2.1 on the right hand side of (8).

Proof. See Appendix C. =

We now recall the well known general result that if Z, and Z, are two sequences of random variables in R" with
| Zy — Zn| 5 0 (convergence in probability) and Z, = Z then Z,, = Z. From (15) we know that |X¢ — X?| — 0 in L?
and hence | X? — X?| %0, which (by the result in the previous sentence) also implies that X 9 tends weakly to a random
variable X2 which has the same law as X? ~ N(0,v2u). Moreover

E((X] - X7)* + (Y = Y{)") = E(X{-X7)’) — o. (26)

Hence (X?,Y?) = (X0, V) in L2 so |(X?,Y?)— (X2, Y?)| 20, and (X?,Y?) has a bivariate Normal distribution which
is independent of # (see (see eq (17) for details), so (trivially) (X?,Y?) converges weakly to this bivariate Normal law,
and again using the result in the previous sentence we have that (X{,Y{) = (X9, YD), where (X9, Y?) has a bivariate
Normal law with the same joint law as (X, Y}).

We can further simplify the first term on the right hand side of (23) to the following expression:
f/ € pa (X0 w32 + Lo) X2+ VO X [)o(Yo + 07V 4 ((0u)?)du (27)

and our first task is to verify that this term tends to zero as 6§ — 0, by showing that it has a finite limit when divided
by V. Performing this division and first concentrating on the tail event |Lg| > /6 and using that p,,(z,u;z) =

voh(i)(%%) (see also page 4 in [Fukl17]), we have

&=

(€ (X2 + )2+ VEIXE0( + 07+ C(00)P1 )

1 _ _
< mv2E(e b1 s vaRIXE + V6 (X0))
€1 2@ L 9 832 ; : 9
= E(e "1 E(2|Xf| + Vo (X the independ f Ly and X
mv (e 1Lo|>va) ECIXE (X7)?)  (using the independence of Ly and X))
‘1 - 1
= \/vaE(e L61L9<_\/§ + 1L9>\/§)[2E((X3)2)2 + \/E]E((XS)Q)]
< 101 02 K,50"3Y 2 200/t + VO vZu + o(1)) (28)
—u
as 6 — 0, where ¢; = Uoﬁ, and we have used (7) and that E((X?)2) — v in the final line.

From basic calculus we find that pyq(z, u)z? = pee(z,u; z)x? attains its extrema at z3 = $(A £ q2) where go =
@ (u, A) := /803 (1 — u) + A? (where we are now showing the explicit dependence of p on z as well) and recall that

ezx/?f
A(z) = NG L

for |z| <1 we have

. Paa (T, u)z attains its maximum at i = (A £ q1) where g1 = q1(u) = /4v3(1 — u) + A(2)?; hence

1 1
Per@, 02007 S Paale g+ Pealt Dy S 1 (MG D H B+ (AG- 1) - &)
—u
1 1
pm;(-T,U; Z)x < pzz(wi Z)ﬂz:zj +pzr(va; Z)x|z::c_ < 561 1— u[(A(Z + 1) + (71) + |A(Z - 1) - 671)”

(29)
where g2 = @2 1= /803 + A(z 4+ 1)2, q1 := /403 + A(z + 1)2, and recall that z may be negative.
The following simple lemmas will be needed:

Lemma 2.5 Let (X,,,Y,,Z,) be a sequence of random variables which converges weakly to (X,Y,0). Then for f € Cy
and R > 0 we have

lim E(f(XnaynaZn)]-anR) = E(f(X,KO))

n—oo



Proof. See Appendix D. =

Lemma 2.6 Let (X,,Y,, Z,) be a sequence of random variables which converges weakly to (X,Y,0) and assume that
Y has a density. Then for f € C, and R, K > 0 we have

lim E(f(X,,Yn, Zn)lv,<rlz,<x) = E(f(X,Y,0)ly<g).

n—oo

Proof. See Appendix E. m

Then using Lemma 2.2 and the weak convergence of (X?,Y.?), we know that (X%, V%, Ly/v0) % (X2,Y0,0) so
Ly

\/é)xg(z + VO XD (Yo + 05V +C(0u)*1,, < )

lim E(e L0p,o (X8 u; 2 +
0—0
= 20E(paa( X7, u;2) X))

using (29) and Lemma 2.5 in the final line. Combining this with (28) (which deals with the contribution from 1z, _)

Vo
we see that
L
lim Bl (X + XU+ VO X0l 4 07YE + (00F) = 2B (XuiXD (30
—
and we have the bound
L
E(e 0 pa (X%, usz + 7%))(3(2 + VO X 0(Yy + 07Y0 + ¢(6u))?)
1 1 _ _ 1 1 _ _
< g2 §Clﬁ[(A(2 +D)+q@) + |1AG-1)—q)]] + ch\/éﬁ[(A(z +1) + @) + (Az— 1) — @)%
K 1
= Qe+ VOt o(1)]. (31)

Moreover, using that fol ﬁdu < 00, and the pointwise convergence of the integrand in (30), from the dominated
convergence theorem we have
! z

1
i [ Efe 0 pa (X0, us 2+ Lo) X2+ VO X 0(Yo + 07V + (0w du = 203 / E(pas (X0, u)XD)du = v92().
— 0 0 Vo

where we have used that pg.(x,u) — vm/llfu (UD%) (see page 4 in [Fuk17]) and X0 ~ N(0,v3u).

Thus we have finally shown that the expression in (27) is O(62) = o(67) (since we assuming H € (0
will not show up at the order we are interested in. Recall that this is also the first term in (23).

1

,5)), and hence

We now analyze the second term in (23):

5 | Bl p(Xl s+ 0¥ + C(0u)+ 7Y = ul¥y + C(800)")du.

Let V(y) = v(y)?. Then using Taylor’s remainder theorem, we have
V(¥ + (0 + 0TV = o+ VIVD)(C0u) + 0TV + SV Q)0 + 67V
VY +C0u) = o+ V(%)C0) + 3V (@)
for some & € (Yo, Yo + C(0u) + 07Y9)), & € (Yo, Yo + C(6u)). Thus

0~V (Yo +¢(0u) +07Y]) = V(Yo +¢(0w)] = 07TV ()oY + %W’(&)(efl&e +01Y))? - %W(&)awéz}

VI()¥Y + 61V € + ¥ — SV (€3]

where g = 0~ H¢(0u), and we know that the law of (g is independent of 6 as § — 0 (as is the law of Y}).



Using similar arguments as above, we see that

E(e ™" ppu (X5, us 2 + 7>|v<yo +¢(0u) + 07Y)) = V(Yo + C(0w) 1,5 v5)

S BT lV (Yo + C0u) + 07V~ V(Yo + ((0w))
= B BV (Y + C(6u) + 67Y0) = V(Yo + ((@w)]) (using the independence of Ly and X)
—u
< \/% 91—7Y 2EE(|V(YO + C(Qu) GHYUG) — V(Yb + C(eu))‘)
1 1 a 1 g
= mK291—§Y—250HE(|V’(%)Yf + QH[§V”(§)(C9 +Y))? - §V”(§2)C92”)
_ 101 uKzel—%Y—Zeo(eH) (32)

and we have

I = 0 "Ele " pe. (X, uiz + %)(V(Yo +¢(0u) +0"Y) = V(Yo + C(Ou))1 L, 1< val
S E[B_LGPQJLE(X Uu; z+ f)|V (}/O)ly 1ye<R1|L |<\/’]
+ OTEe e (X[, w2+ 7)(2V“(5)(<e +Y0)? - 5V’/<52>63>1y3gR1|L9m]
< %EW(YO)\ Y2+ 05 V©1G + YE)? + SV (I Lyos ]
(1l —w) 2 2

Then using the weak convergence of (X?,V?, \L/‘L) to (X2,Y2,0) and Lemma 2.6 for the first line of the final expression,

weak convergence of the integrand to zero of the second term, we see that for all ¢, R > 0 there exists a 6*(¢, R) > 0
such that for 6 € (0,60%(e, R)) we have
T < VI(YE))ELPM(X&“;Z)Yz?lYSSR)] + €

RV (o) (Y + 07 IV (@ VDR +20 VD + g (V) + 51V (€ 5 GV

using simple Chebychev bounds. Now choose R = g and 6 < 6*(e, 7) Then the law of Y,? is independent of 6 and Co
is 73V -measurable, so the final term tends to zero as well as  — 0. Thus

+

1
dimy %”H /0 Elpaa (X5, usz + %)(U(Yo +¢(0u) + 0"Y))? — (Yo + ¢(0u))?)]du

1
= vOU’(YO)/ E(pm(XE,u;z)Yf)du
0
1
= ogt/(Yo) / E(paa (X0, u; 2)E(YO|X0))du. (33)
0

But for any centred bivariate Normal random variable (X, Y) with standard deviations ox, oy and correlation py,
E(Y|X) =22 x — BISPEX = p1 22X and for us py = Y7 p. Hence we can re-write (33) as
X

E(X?) i
1 1
2H Y
/(0 [ Bl (K0 X0 PO D gy e VPH O 2 (39)
0 vgu (G+H)(5+H) v v
using (17).
The final term in (23) is the history correction term (which is independent of p):
e . 1t Lo
3 | Bl pe (Xl + L) + (O —hldu = 5 [ Bl b p (X + S0 + (00 ~ )l
0 0
(35)

Using Taylor’s remainder theorem again, we have
v(Yo+¢(0u)® — vg = 2000 (Y0)¢(0u) + (v'(€1) + v(€1)v" (€1))¢(0u)?
for some &; € (0,((0u)), so (35) can be written as

/() [ Bl (X SENCO0 + 5 [ Bl (X BN () + (60 (€0))C(0) . (30



Using that Ele~Lop,,. (X7, u; z+7) Lo|>vF < \/7K291"Y 22 asin (32) and Lemma 2.6 as before, we know that
limg o Ele 0 puy (X9, u; 2 + \L/‘i)] E(pe (X, u;2)), and we can also easily check that E(p,, (X0, u;2)) = %gb(%),
which is independent of u.

Moreover if Ty := 0= H fO ¢(Ou)du, then (Tg)gso is a family of Gaussian random variables with zero expectation,
and using the stochastic Fubini theorem we see that

/01 ¢(Ou)du

1 40
\/ﬁ/o t [(Bu— s)T—3 —(—s)H_%]dWsdu

vaii | 0 / [(0u— 91— (—)" Hdudw,

which implies that

1 0 1
2 — u—sH*%— —SH*% u2s.
E| / COuydu)? =20 [ | / (0 — 51} — (—s)~H|du]?d

to

Setting s = 0z in the outer integral, we see that

/0[/ ((0u— 97t~ (o) Kduas = 00 /[/ (a2t~ (—2) 1 Hdudz.

to 0 TO

Hence
9_2HE[/O C(Bu)du)®* = 2H [/0 [(u—2)7"7 — (=2)7T2]du)?dz.

Now the integrand is positive, so the limit exists with respect to 6 exists and equals

= 2H/ / u— 2777 — (=2)73]du)?dz.

Finally we need to verify that ¢ < co. Indeed, for any N > 0 and z € [-N, 0] and u € [0,1], since H < 3 we see that
O R I B COL

which is square integrable with respect to z over [N, 0]. For z > 0, the mean value theorem implies that (1+z)#~2 —
H-3 = (H - %):cH*% for some z € (z,z + 1). Thus

1
zH_%—(1+¢QH_%:(§J—EUxH_% < (5-HfE (37)
Then setting z — —z, we see that for u € [0, 1] we have
1 1 1 1 1 3
((u—2)""7 = (=2)"72] < (=2)"72-(1-2)f"2 < (3 - H)(=2)"3

which is also square integrable with respect to z over (—oo, —N]. Thus Var(Ty) — ¢, as claimed in the theorem.
Moreover

E((¢: — ¢)?) = E[(EY|F) — E(Y:|F0))? = EEY; - Y;|F)?
< E[E((Y; - Ys)?|F0)]
< E((WA-wH?) = jt—sP.

where W# is a two-sided fBM, and the final line follows by a simple comparison of the covariance function of Y vs
that of W#. Thus by the result on from page 220 (see also page 216) in [Lif95], we know that for all § > 0, there exists
a 0*(d,w) such that for § € (0,t*(6,w)) we have
1.1

O = [EMIF)] < (a+6)logy)ie” (38)
for 6 less than some 6*(6,w) > 0, where the constant ¢; can be chosen to be deterministic. Moreover, (((t))ier is
known at time zero, so 6*(d,w) is Fy -measurable. Hence Y(0) = 0= fo C(Ou)du satisfies 0Ty — 0 a.s. for € > 0,
which means that (v/(£1)2 + v(€1)v” (€1))¢(0u)? in (36) is 0(621172¢) = o(6H). Thus we see that

1 1
%/0 E[e*L"pm(Xg,u;z—i— %)(U(YO + Q(@u))2 - vg)]du = vov’(Yb)/O E[pm(XS,u;z)]C(Qu)du + O(HH)

Py 1
= V062 [ clbudu + o6").
Vo 0



Moreover, from Proposition 2.11 below, we know that

—to
. v . ZH - 1 9” 1.Hq 1 H
C0) = E0WIR) = BT = seostiim) [ (B ezl
1 o 0 1
. cos(Hﬁ)/ Py
T to S Ou — s
where V; = Zf1, (as in Remark 1.1), and thus
1 0
/ C(Ou)du = / ap(s,0)Yds
0 to
where ag(s,0) ==+ cos(Hr) fo e 3+H 7a—du, and we have used Fubini’s theorem in the final line. m

2.1 Extending to unbounded volatility

We now replace the assumption that v is C¢ with the milder assumption that v is C? on (—o0,y] for any y > 0, which
(by Theorem 1 in Gassiat|Gasl9]) ensures that S is still a martingale when p < 0, so in particular put-call parity is
preserved. For this reason we always assume p < 0 in this subsection. We use the bar notation X, = maXg<s<tXs tO
denote the running maximum of a generic process X (we are not referring to the X process in (1) here). Then (from
the aforementioned condition in [Gas19]) we know that for some w > vy sufficiently large, if A := {7y < w} then

A = {’DQZU)} c B¢

where B := {Yy < a}, for some a = a(w) > Yj.
Now recall from (5) that

Y@u - Yb = C(eu) + Z@u

where Z; = vV2H f (t—s)H ~2dW,. It is well known that Zg(. satisfies the large deviation principle on Cy[0, 1] with
speed 1/60%" and good rate function

1(f) ::{ £ o J(6ds if f(t) = V2H [5(t = )13 f(5)ds

0therw1se

(see e.g. [FZ17] and [BFGHS19]), and we let Kgy, denote the operator acting on L?([0,1]) defined by (Kgryf)(t) =
\/ﬁfot(t — )2 f(s)ds

_From the law of the iterated logarithm-type estimate in (38) and the fact that ((.) is Fo-measurable, we know that
P(¢(6) > 6| Fo) = 1z9)»5 = Oas. for 6 € (0,0") for some Fo-measurable §* = 6*(5,w) > 0, so limsupy_, 622 1og P(¢(0) >
d| Fo) = —oc a.s. for 6 > 0. Thus Zy(y and ((6(.)) + Zy(.) are exponentially equivalent on Cy[0, 1] under the sup norm
metric in the sense of Definition 4.2.10 in [DZ98], so (by Theorem 4.2.13 in [DZ98]), Yy() — Yo = C(6(.)) + Zy(,) also
satisfies the same LDP as Zy( ), a.s. (note the a.s. qualifier is needed here, because ((.) is random so the value of §* is
not known until time zero and (38) is only known to hold a.s.).

Then (from the contraction principle from large deviations theory), since the maximum of a function is a continuous

functional under the sup norm metric, Yy — Y; satisfies the LDP with speed 8~2% and good rate function:
. r . 1 2
Jy) = inf —I(f) = inf Sz,
fEKRLL2([0,1]):f(1)=y feL?([0,1]):Kre f(1)=y

Moreover, from the Cauchy-Schwarz inequality we know that for ¢ € [0, 1]

t
(Kruf)(t)* = 2H(/0 (t—s)""2f(s)ds)? < TN 200y < 1122000
SO

Krof(t) < lfllz2qop -
Thus if (KrLf)(t) > a for some ¢ € [0,1], then || f||z2(j0,1)) = @, and hence I(f) > 1a?. This means that J(y) > 1¢°
for y > 0.

We now let S, = eXt, where

1
dX, = —5o(Vi)%dt + 5(Yy)(pdWy + pdW;') — dLy, (39)



and X, = 0 i.e. the same stock price process (defined on the same probability space) but with our (new) unbounded
v function replaced by a C7 function ¢ such that v(y) = 9(y) for y < a. Then we see that

E((e? = So)") = E((e? = S$9) 1p) + E((e™" = So) " 1p-)
S E((ez‘/é S0)+) + GZIP(BC)
< E((eZ\/§ S, ) + V8~ g3 (infy >0 J(y)—

where we have used the upper bound implied by the aforementioned LDP in the final line, and we know that
inf,>, J(y) > 2a® > 0. Similarly

E((e*V? — 85)*15)

= E((eV7 = $p)*) —E((e¥" - Sp)F1pe)

]E((EZ\/g _ §9)+) o eZﬁe—ﬁ(infyza J(y)—e)

E((e*Y? — Sp)*)

Y

Y

Thus

- 1
o~ o (infy>a J(y)—e) < 7E((62\/§759)+)

< 7E((€z\/§ Sv )Jr) 5Zf
\/a

From the main Theorem 2.1, we have a small-6 expansion for %]E((e“/a—gg) ), and for 6 small, \/5 eV g (nfyza J(@W) =)

— A (inf, >0 J(y)—2)

e

is higher order than the error term in Theorem 2.1, so the same expansion holds for %E((ez‘f — Sp)T).

2.2 Implied volatility

Lemma 2.7 Let CB5(S, K,0,T) denote the usual Black-Scholes formula for the price of a European call option when
interest rates and dividends are zero, and let oy = 0 + at'=2Y 4+ bt where 0 < 1 — %Y < H< % Then

%085( Vont) = E(X] - 2)7) + o) a3 +hil) 4 oft). (40)

By equating terms in (10) and (40), we obtain the following;:

Corollary 2.8 Under the assumptions on Y and H in the main Theorem 2.1, we have the following asymptotic
behaviour for the implied volatility in the small-maturity limit in the ky = z/t regime:

A1 (2)

1-1y H, o(0H
¢(vo)0 + 07 (o + Bo) + 0(07) (41)

O'impl(Z\/g,o) = vy +

where «, By are defined as in (9).

Remark 2.6 The rough stochastic volatility skew correction term here (without the history term (y) agrees with the
term obtained by [BFGHS19] for their moderate deviations regimes.

(41) shows that if the market observed skew in the k; = zv/t regime is not affine in z, then the model cannot be pure
fractional stochastic volatility. As a trivial corollary, we see that for z > y we have the following asymptotic form for
the implied vol skew:

Timpl (2V0,0) — Timp (V0. 0) N 1 (Al(z) B Al(y))e%(ky)
VO(z —y) z—y o(Z)  o(L)

as 0 — 0. This shows that exploding power behaviour for the implied vol skew can also be caused by jumps and not

just fractional models, and similar behaviour is reported in Corollary 6 in Gerhold et al.[GGP16] for a class of pure

Lévy models.

(42)

2.3 Extracting the volatility history and H from the log stock price sample path

In practice, we can only directly observe the log stock price process X;. But we also know that the quadratic variation

[L]; of L is itself a non-decreasing Lévy process (i.e. a subordinator) with Lévy density ¢(y) = Ué\‘/fg) + 142—7\/\?) =

%e‘M\/gy_l_%Y + %e—c\/g|y|—1—%y for y > 0 (see e.g. [CGMYO05]), which has finite variation a.s. Then
A[L]s#0 t A[L)s>e
_ _ 2 -
(Xl = /0 )2ds + E AlLls = /0 v(Ys)%ds + E11_r>r(1J E A[L]

s€[0,t] s€[0,t]



where A[L], = [L]; — [L];—. Hence given the whole path (X;);>0, we can extract Y; as

A[X],

Y, = (02)71 d Z A

s€[0,t]

Of course in practice one would only have access to discrete time data, but H can be then estimated from a time series
using maximum likelihood methods (see e.g. [Chal4] for details). See also the many articles by Ait-Sahalia and Jacod
for estimators of e.g. the Blumenthal-Getoor index of a jump process from discretely sampled data.

2.4 Monte Carlo simulation and numerical results

The following result allows for fast and exact simulation of the CGMY process in terms of an a-stable process, without
having to truncate small jumps.

Lemma 2.9 (see Theorem 3.1 in PoirotédTankov[PT06]). Let X be a tempered stable Lévy processes on some
—Max

probability space (Q, F,P) with characteristic triplet (0,v,TF), where T, = C, & Fisas 1,50. Let (%‘E = eV where

Us == M X, + ct, and c is chosen so that eMX+et s g P-martingale. Then (X, )i>o0 is an a-stable process under Q
with Lévy triple (b,0,7) for some b € R, where v(x) = II%LDO.

Corollary 2.10 (see page 11 in [PT06]). For any Fi-measurable random variable Hy, we have
E¥(H;) = EQH;e ). (43)

Remark 2.7 We can simulate an a-stable random variable using an independent uniform and exponential random
variable, using the well known Chambers,Mallows&Stuck method (see [CMS76] and [PT06] for details).

Our Monte Carlo scheme uses (43) and the [CMS76] method to simulate L;, and the moment-matching scheme for
the Riemann-Liouville process described at the top of page 15 in [HIM17] (see Figures 2-4).

2.5 The prediction formula for the Riemann-Liouville process

Remark 1.1 shows that we can transform the Y process to a standard Riemann-Lioville process. The next proposition
computes the conditional mean and covariance of the RL process given its history, similar to the prediction formula in
Theorem 3.1 in [SV17] for one-sided fBM.

Proposition 2.11 Let ZH = /2H fo (t—2s) _%dB be a Riemann-Liouville process where B is a standard Brownian
motion. Then ZH has condztzonal mean and covariance given by

Bz = [ () 28 ds (44)
0

Cov(zH zH| 77" QH/ (uw—v)""3(s—v)¥ 3 dv
t

foru >t, where

Fu(s) = ku(situw) = VEHen(s—H)(byper 1 — cos(Hr) (3 — Dypen 2 (45)
and ¢y 1is defined as in Lemma 1.1.
Proof. See Appendix A =

Remark 2.8 For a rough Bergomi model calibrated to the observed variance term structure at time zero, the instan-
taneous variance (i.e. volatility squared) at time u > 0 is given by

v = Eou)em A i
Hence from Proposition 2.11 we have
- 1
0

for t € [0, u], which we can view as method of forecasting log volatility at time u given the vol history up to time ¢.



3 Small-time Edgeworth expansions for the Rough Heston model

In this section, we consider the Rough Heston model (without jumps) for a log stock price process X; introduced in
[JR16]:

dXy

1
—§tht + VidB,

v, = Vﬁﬁ/o(t— )7 IA(0 — V)ds—&—%/t—salu\FdW

for a € (%, 1], where W and B are two correlated Brownian motions with dW;dB; = pdt with p € (—1,1). We assume
X = 0 and zero interest rate without loss of generality, since the law of X; — X is independent of X. The parameter
« controls the roughness of the sample path of V| so V is rougher when « is smaller and vice versa.

3.1 The characteristic function of the log stock price

From Corollary 3.1 in [ER19] (see also Section 5 in [GGP19]), we know that for all ¢ > 0

E(ert) — NI ()N f(pit) (46)

for p in some open interval (p_,p;) D [0,1], where f(p,t) satisfies

Df(p,t) = %(;D2 —p) + (ppv =N f(p,t) + 1ng(p, t)? (47)

2

with initial condition f(p,0) =0, and D denotes the fractional derivative operator of order « (see page 17 in [ER19]
for definition).

3.2 Small-time Edgeworth expansions

We now consider the following family of re-scaled Rough Heston models:

1
X7 = —geVidt + Ve/VidB,

1

t ) 1
Ve = W +7/ t—s)H=320(0 — Ve ds+—/ t—s)H-3cHy, [V,
¢ 0 ') 0( ) ( ) T'(«@) 0( \/7

where H = a — % € (0, %] We make the following assumption throughout this subsection:

Assumption 3.1 H € (0, }).
We relax this assumption when we go to higher order in the next subsection.

From [FGS19] we know that (X¢,,V ))( )(Xl() (. )) and specifically from Eqgs 15 and 16 in [FGS19], we know

( )?
that

E(ePXi) = VI “felpt)+=" M0 e (pit) (48)

on some non-empty interval [0, 77 (p)), where f.(p,t) satisfies

DULpt) = 3o )+ < opr — Nfepot) + 5 L (1) (19)

and f-(p,0) = 0. Setting fg(\%,t) = ¢(p,t), we see that ¢.(p,t) satisfies

D6ulpt) = 57— ooV + Mpprg(pt) + 3V 0up 1) — A6 (1) (50)

2 2°
with ¢.(p,0) = 0. The quadratic function G(p,w) := $p* — §p\f + pefl prw + 3e2H12w? associated with the VIE for
¢e(p,t) in (50) has purely imaginary roots with a positive minimizer (akin to case B in [GGP19]), and thus has a finite
explosion time T. (p), but the linear and the non-linear terms in this VIE tend to zero as ¢ — 0, so we can easily verify
using the lower bound on the moment explosion time in Theorem 4.1 in [GGP19] that Ti(p) — oo as & — 0, and in
fact all we need here is that 7.(p) > 1 for e sufficiently small.

Guessing an approximate asymptotic small-time solution for ¢.(p,t) of the form:

Pe(pt) = o(pt) + 1(p )" + Ga(p, 1) (51)



for t € [0,1], and (using that H € (0, i)) and equating like powers of €, we find that

1
Dp(p,t) = 51?2
D1 (p,t) = ppro(p,t)
1
D%s(p,t) = §V2¢(p,t)2+pm/¢1(p,t)

so ¢(p,t) = I*(3p?) = ip? - I*1 = %pQF(inj_l), where we have also used the identity al'(a) = I'(e + 1). Recall that

}E(e%Xf) _ evol““fs(%¢)+A011f5(%,t) — VoI %o (p)+AI 6o (1) Then

b 1 o 1
logE(eve™i) = Voll’a(gﬁm + e ppvd(p, t) + 62H(§V2¢(p, )2 + ppvé (p, t)) + o(e2H)
1 3 t1+a 4t1+2a 2 4t1+2a 2 .2
= Vo(sp’t + MHPPYE L 2H P v g — il + o(e?)) .
) (2 + ) 81+ 20)T(1 1 )2 5(1 + 2a)T(L 1 2a)

Then setting ¢ = 1 but then replacing € with ¢, we see that

1,2 H p3pv oH ptu2 2H ptu2,2 2H
E(e%xt) —_ 6V0(2;D +i 2F(2+a)+t 8(1+2a)1"(1+a)2+t 2(1+2<¥)F(1+20)+O(t )

Vo (5p% +bprp®tH 412 (c+dp?)p 12 + o(t21))

where b =

2F(21+a), c= 8(1+2a)1F(1+a)2 and d = m, and the effect of \ is contained in the o(¢2) error term

here.

Then we expect the density p;(x) of % to have the following expansion

1 (e e)

pe(z) = — e R (e Vi) da
2r J_
1 o . 12 3. H 2y, 2 4,2H 2H
— 27 e—mxe\/g(—§a —ibpra’t” + (c+dp®)v2a*t*™ +o(t ))da
u — 00
1 o0

) . 1
= 5 eil‘”‘"e*%a%z(l — ibprVoat? + (¢ + dp®)v*Voa*t?H — §b2p21/2V02a6t2H + o(t*®))da

— 00

= o) — bpVon® @+ [(e+ dp)PVon (@) + 25 AV )] + ol

as t — 0, where 0 = V/Vy, ¢ is the standard normal density and n(z) = 2¢(2). The O(t) term is the vol skew

adjustment, and the O(t*#) term is the vol convexity adjustment. In particular, from Lévy’s convergence theorem, we
expect that X;/v/f tends weakly to an N (0, ;) random variable.
3.3 Asymptotics for call options and implied volatility

By integrating over our asymptotic expression for p:(z), we obtain the following small-time behaviour for European
call options:

Proposition 3.2

LR(eX — Vi) = B(XO— ) + ¢(i)(b””#f + e+ dp?) (22 — Vo) v, (2% — 622Vp + 3V2)] 2H)
Vi N i v ’

+ o(t*") (52)
where XY ~ N(0, Vp).

Lemma 3.3 Let CP5(S, K,0,T) denote the usual Black-Scholes formula for the price of a European call option when
interest rates and dividends are zero, and let oy = o + atfl + bt*H where 2H € (0, %) Then

a’z?

203

SO LeVont) = E(X] =91 + o) + 0+

Proof. We calculated this using the Series command in Mathematica.* m

2 4 o(#2H) (53)

Equating the O(1), O(t?) and O(¢?#) terms in (52) and (53), we obtain the following:

4Mathematica workbook available on request.



Corollary 3.4 We have the following asymptotic behaviour for the implied volatility in the small-maturity limit in the
ki = 2\t regime:

b 22 3b% + 2d)p? 2 3b% + d)p?
sV = Vo + plyth—i-(—V (2¢ + (3b% 4 2d)p”) LY (c+( 3"' )p)ZQ)t2H+O(t2H)

I I 3
Vo' 2Vy Vo’

(54)

Remark 3.1 The O(z) term here is the vol skew term, the O(z?) term is the vol convexity term and the O(t2) term
evaluated at z = 0 is the at-the-money small-time implied vol correction term (see also Theorem 3.2 in [EFGR18] for an
expansion at the same order for the Rough Bergomi model). (54) implies the same type of exploding power behaviour

for the implied vol skew as in (42), and could be very useful for calibrating the Rough Heston model or parametrizing
the vol surface for short-maturity FX options.

3.4 Higher order expansions

If we go to higher order and now set ¢.(p,t) = ¢(p,t) + é1(p,t)e™ + da(p, t)e*H + p3(p, t)z—:% then (assuming H € (%, i)
so0< H<2H < % < 3H)) and equating like powers of e, we find that

1
D%¢s3(p,t) = —5P

which now captures the effect of the log stock price drift.

Conversely, if H € (0, %) so 0 < H<2H <3H < %, and we set ¢.(p,t) = d(p,t) + é1(p,t)e + ¢po(p, t)e? +
¢3 (p7 t)ESHv then

D%ps(p,t) = pproa(p,t) + %V%(p,t)m(p,t).

Finally, for H = % we see that

D%ps(p,t) = —%p + ppra(p,t) + %V%(p, t)p1(p,t).

With a bit more pain, we can also translate these expansions into density, call option and implied volatility asymptotics
(we omit the details as the implied volatility calculation at this order is rather lengthy and tedious).
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Figure 1: On the left we see the implied volatility for the Rough Heston model using Monte Carlo (black crosses) and
the asymptotic implied volatility using the first order skew correction term (i.e. the first two terms in (54)) in blue,
and the implied volatility using the 1st and 2nd order correction terms (i.e. all the terms in (54)) in red, a = .7 (so

H=2),v=.15p=—-.02 A=0,T = .000001, 10° simulations and 400 time steps. The right plot shows the skew,
in this case just the OTM implied vol minus the ATM implied vol, for the same simulation and parameters
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Figure 2: Here we have plotted the same quantities with the same parameters, but for the larger maturity 7" = .01.
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Here we have plotted the same quantities with « = .6 (so H = .1), v = .15, p = —.05, A =0 and T = .001.
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Figure 4: On the left we have plotted the Rough stoc vol correction term pz (l+;I/)2(T§I+H) vlg(’) (i.e. the « term in (41))
2 2

for our original general model in (1), against the answer implied for this term by Monte Carlo simulation of the model
with the jumps included, when Y; = v2H fOT(t—S)H ~2dW,. We use the moment-matching scheme described in section
3.3.1 in [HIM17] and the a-stable measure change and the Chambers,Mallows&Stuck[CMS76] method discussed in
Subsection 2.4 with antithetic sampling, for H = .25, p = —.1, v(y) = .913579(.2 + .05y), C'y = .0003, C-0, Y = 1.6,
M = 1.93 with no history, and maturity ¢=.000001 using 2,000,000 simulations and 200 time steps. This maturity is
clearly unrealistically small but the point here is to numerically verify that Rough stoc vol correction term is correct
before testing larger maturities below. On the right we have plotted the implied vol skew (close to at-the-money)
U‘mpl(z\ff/’?(;i}“;p‘(yﬂ’t) as a function of the maturity ¢, with 2 = .02, y = —.02 and the same parameters as above
except now C'y = .00005 (see also Figure 1 in [BFGHS19)).
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Figure 5: Here we have plotted oimp1(2v/f,t) — 0impi(0,t) using the asymptotic expansion in (41) with (blue) and
without (red crosses) the RSV correction term, and the answer obtained using Monte Carlo scheme (black crosses),
for the same parameters but now ¢ = .001 in the left plot, ¢t = .02 in the middle plot and ¢t = .05 in the right plot and
we have used 1,000,000 simulations and 100 time steps, and we now see the convexity i.e. smile effect caused by the

jumps.
02030 -

Figure 6: The left graph plots the leading order and first correction term in (41) (i.e. just jumps) for implied
volatility for maturity 7" = .001 and same parameters as previous graph. The right graph plots the original Brownian
signal W (blue) against the process obtained using the transformation formula in (6) (in grey) applied to Y where
Y, = \/ﬁfot(t — s)H*%dI/VS is the RL process generated by W (for H = .4 with 10,000 time steps), and we see that
they are very close.
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A Proof of Proposition 2.11

ZH has the conditional decomposition
zB = E(ZH|FP) + \/2H/ (u—s)7"32dB,.
t
Then E((ZH)2|FP) = (u — t)*!. Using the inversion formula and integration by parts we see that

1 ¢ ,
E(ZH|FBy = / — s)¥=24B,
B ENF = [ (=)

_ 1. [t
(0= ABZ) + (H — 3) [ (9" i Buds
0

S
EH/ (s —r) 2 HdzHds (A-1)
0



which we can further re-write as

|
)
=
=
|
=
i
Nl=
51
|
T

1 1 t .
——E(ZH\|FP /t—s’f’HZfIds
NoYii (Z, | F7) 5 ) 0( ) :

1.1 K s [° .
+ EH(H—f)(f—H)/ (u—s)H—a/ (s — 1)~ 3=H 7 gy s
1 t .
= EH(u—t)H*§(§— )/(t—s)*E*HZHds
+ EH(H—f // u—s)T3( —r)_%_HdstIdr
= EH(uft)H*%(ifH)/(tfs) 3=HzH g
0
1,1 Lot 8 .
+ EH(H—§)(§—H)/ (u—r)=2(r —s) 2 Har zHds
0 s

t
= ¢y (uft)H’%(%—H)/ (t—s) 2 HzHgs
0

) 1.1 Lot —s)rH(u—t) 2 tH
* CH<H*§><**H>/O RT=1G—u 2"

uU—3s

1 t —toyg 1

B Proof of Lemma 1.2

Fix a 0 € (0, 1], we consider a modified Lévy-Ité6 decomposition of the process L:
X = (b + / avp(x)dx)t + My + P,
Vo<|z|<1
for some constant by, where M is a square-integrable pure-jump Lévy process martingale with Lévy density 1Ir\ <VaVL (z),

and P is a compound Poisson process with jump intensity \g := f\r|>\/5 v (x)dx and jump size density L,>vaVL (z)/ M.

From Lemma 2.9 in [Kyp06], we know that

c 2C 20 .
E(M;) = 9/ 2Pvp(z)de < 0/ 2T dr = - (VB = Z_g2-dY
’ <lz|<V8 <lz|< V@ || Y +1 2-Y 2-Y

By the Markov inequality, we have

Q1. 8C 1-1y—2¢
M —02 G — 2 . -1

Now let N; the counting process for the number of jumps for process P, i.e. a Poisson process with intensity Ag.
Then we have

1 2C 1 2C 1
P(Ng > 1) L—e ™0 < 9N = 9/ vp(v)dr < 09/ —dr = e = — 02V (B-2)
|2|>V/E 2|>va [T Y (VoY Y
Assume 0 is sufficiently small so that [b|6 + 2 93—2Y < %0%4‘6. Then we have
1
C 2C 2C
by +/ oo (2)del0 < b0 + 29/ e < Bl (VB = ot e pi Y
Vo<|z|<1 NGRS Y -1 Y —

a1
< —gzte,
2



It follows that

P(|X9| > 04(9%_"6) = P(|(b1 + / xyL(x)dx)9+M9 _|_P0‘ > ae%—i—e)
Vo<|z|<1
< Bt [ an@dnp s Mot Bl |k [ o()dae] > G4
Vo<z|<1 Va<|z|<1 2
< P(|My + Py > %ﬁﬂ),
= P(|My| > %ﬁH , No=0) + P(| My + Py| > %9%“)]\79 > 1)
< B(IMo| > S0F) + B(No 2 1)
8C 2C 1
< - 7926 01_*Y—26
s (Ggop ty o0
8C 2C 1
< = o 91——Y—2€.
= (a2(2—Y) Ty
Hence, the stated theorem holds with K = az(szcly) + %

C Proof of Proposition 2.4

Let ¢¢(u) == E(ei“(“f’Wﬁ’Lf)) and b is defined as in (3) to enforce that E(e~Lt) = 1, and let ¢} (u) := E* (ei“(”"Wt’Lf))

where djp* = e L and E*(.) denotes expectation under P*. We henceforth set

7+ = CiI(=Y). (C-1)

From Remark 1.3 we recall that under P*, L is a Lévy process with parameters M =M+1and G =G —1. Using
that W and L are independent, we see that

E*(eiu(vgwtht)) _ E(eiuvoﬁ/t)E*(efiuLt)).

Then using (24) and Theorem 5.2 in [Lee04] (which deals with the G2 case with a = 0 using the notation in [Lee04]),
and decomposing E[(X} — % — z)T] as the sum of its leading order Gaussian contribution and the remainder term due
to the generalized tempered stable process L, we have

I = Ele"(X] - — —2)"] = Ele™"(X} - 2)*]

= iE[e’Lt (voW; — Ly — 2v/1) 1] — %E[e*“ (voW; — 2v1)| 1]

NG
_ %E*[(%Wt L 2VD') - %E*((vorfvﬁ — VDY)
th Ly UOWt

= E(— — == —2)T] - FE — )t
(= 2 -2 - B2 -2
(where the final expectation is now computed under P since W and L are independent)
1 u 1,2, 2 1 1.d U
—V—e 2% ). — _Ndu — =i—o(—)|.
\/£> € ) ug] U deu(bt(\/i)‘ufo]

0 .
_ - Rele ™= (4*
[ - /0 ele (1 (
(the last term comes from the [Lee04] R, ¢, residue term with o = 0 and there is only 1 term here instead of 4

because one term has vanished and two have cancelled)
since E(W,;) = 0)

1 [ -
= ] melei

Vi

where we have used that %i%qﬁ(%ﬂu:o = O(+/1) to obtain the final term. Here

) — e~ hudu

)~ sldu] + (V) (C-2)

) = o= 3vau i S bt (M +i )Y = MY 4y t[(G—i 5) " =G

i (

<=

t

1 _ _ 1 1 _ 1 — 1
_ e—%vguzeiub\/fewrtl_fy[(M\/f—ﬁ-iu)Y—MthY]-ﬁ—'y,tl_fy[(th —iu)Y —GYt2Y)

where «y4 is defined in (C-1).



Denote
Fu,t) = iubVt + v t' 2V [(MVE+iu)Y — MY 3Y ]+ 4t 2V [(GVE — i)Y — GY2Y]
= ubVi + vt T, oyt YT,

where Y := (Mv/ +iu)Y — MYt2Y and Y_ := (GvI —iu)” — G¥¢2Y. From here on we will frequently use F' as
shorthand F(u,t), and let F,. and F; denote the real and imaginary part of F. Expanding Y1 we find that

Ty = (MVi+iu)Y — MY
-y, 1 (& —v,1 -y, 1 iz 1,4 u? i u
= MYt2Y(1+M\/%)Y—MYt2Y = MYtzy[YM\/i -5 —Y)m+0((ﬁ)3 +0((%)4)]
v .1 1 1, 9 u? 1w U
Yoo @Y gl - 07 ) Gy O+ O], (C-3)

e remainder term is less than c;| | for some constant c; if u < or some § > 0 sufficiently small which depends
Th inder t is less th \“;zf tant c; if u < v/t £ 0 > 0 sufficientl 11 which d d

on ¢;. This just follows from the series expansion of the analytic function (1 + 2)Y:
— (Y
(142" = ];) <k>zk

which has radius of convergence 1, where (7) = W From the above we find that

k
1 _ _
Fpo= =5 MY 240 GV - Y+ Ot <%)4> (C-4)
Fi = ubVt + Yy MY =~ GY YHuvt + O(t- (%)3) (C-5)
for u < 6v/t, and § sufficiently small.
Similarly for u > 6!/t with 6 > 0 sufficiently small, we see that
T, = (iw)¥(1- z'M\/Z)Y MY = (i) 1+ O(ﬁ)] MYtzY
U u
evg; " t "
T_ = (w)¥( +iG;[)Y —-GYt2Y = (i)"[1 +O(%)} - GYtzY
and from this we see that
F = iubVt + tl_%yuyiy('ﬁ +y) — t(ye M +~v_G) + O(t%_%yuy_l) (C-6)

for u > 6='v/t, where v4 = C4+I'(~Y) as in (C-1). Since log(iu) = logu + i%, we have
v iZ\Y 1 -
o= (ef2)Y = cos(§7rY) + zs1n(§7rY)
and recall that Y € (1,2) so 37V € (37, 7). This leads to the decomposition
1
F, = t72YY (v, +7-) cos(5mY) + o2 2YuY 1 = o 2YuY) (C-7)

F;

1 1 3 1 1
ubvVt + 172V uY (g —|—7_)sin(§ﬂ'Y) + otz YY) = o zYdY). (C-8)

for u > 6~1v/t. Now consider the integral in (C-2) given by

> —iuz x, U — 19242 1 > — 1422 —tuz du
| Rele i — e i = [ e el e - ) (C-9)
5\/E 571\/{ 1 [e’e) ) d
= +/ +/ +/ Je 38 Rele~ ™ (eF — 1)] 55 (C-10)
0 5Vt s~1vE Ju u
= [1+12+13+I4.
Note that ef” = ef*+iFi = el (cos F; + isin F}), so we see that
Rele™™?(ef —1)] = Rele ™ (e cos(F;) — 1 +ief™ sin(F;))] = cos(uz)(ef™ cos(F;) — 1) + sin(uz)e™ sin(F;).  (C-11)

Recall that

Fu,t) = iubVt + vot' "3V [(MVE + iu)Y — MY t2Y ]+ y_t" 2V [(GVE—in)Y — GY Y.



Then for the I, term, since §v/t < u < §~'v/t, substituting v = § 11/t into F(u,t) and assuming ¢ < 1, we find that

|F| < Cu?
for some constant C' which depends on §, so e’ — 1 = k>1 Fk—f and
|}1—'|k_1 Ck}—l Ck
lef —1] < \F\Z x < |F| Z x (since u is bounded) = |F|C_1Zﬁ < |F|CTteC
k>1 ) E>1 k>1

so Re[e™™#(ef" —1)] < const. x u? for 6v/t < u < §~'v/t. Thus given the - factor that appears in (C-10), we see that

u

5 e
L < /wz du = OWY) (C-12)

We now consider the I; term. Since u < §v/t, we can apply expansions (C-4) and (C-5). From (C-4) we get

efr = 1+P}+Oﬂf)::11—%h+MY4+JLGY4KY?—Ym2+(X%3 = 1+ O(u?).
Similarly (C-5) yields
cos(F;) = 1+ O(F?) = 1+ O(ut) (C-13)
so the first term in (C-11) can be bounded as
| cos(uz)(ef cos(F;) —1)] < Cu?. (C-14)
From this we see that
WVE du ovi
/0 e 2%" | cos(uz) (el cos(Fy) — 1) - < 0/0 du = O(V1). (C-15)
From (C-4) and (C-5) we have ef™ < C and |F;| < Cuv/t, so that
|sin(F;)] < C|F| < Cuvt (C-16)

and |sin(uz)| < |uz|, which leads to

5Vt L2 o du oVt
/ e 390" sin(uz)el™ sin(F;) — < C/ du = O(WV1).
0 U 0

Hence, since % >1-— %Y, we see that

L = O\t (C-17)

i.e. the same order as Is.

We now consider the I3 integral term for which 7'/t < u < 1. Then we may apply (C-7)-(C-8), and similar
computations as above to obtain

cosF; = 14+ O(F?) = 1+ 0t Yu?)
sinF;, = F; + O(F?) = F, + 0* 2Vu®). (C-18)

From (C-7), |F;| is bounded for 6 'yt <u < 1 and
ef" = 14+ F. +O(F.]*) = 1+ F. + 0> Yu?). (C-19)
Combining these estimates yield
efreos(Fy)—1 = F, + Ot* Yu?)

and for the O(¢*~Y4?Y) remainder term we have

/1 t27Yu2Yd7u < oY
5—1vt u?
so (recalling the first half of decomposition of Re[e™®*(ef” — 1)] in (C-11)) we see that

1 14242 F du 1 _142,2 du 2V
e 2%" cos(uz)(e""cos(F;) —1)— = e 29" cos(uz)Fr— + O(t"" 7). (C-20)
51Vt u 5—1/% u



Similarly, using the boundedness of F,. on u < 1 and the expansion ef™ = 1 + O(F}.), together with (C-7) and (C-18),
we have

e sin(Fy) = F 4+ O(t* YY) + Fo(t =Y uY).

Here O(3=2Y 43Y) = O(t2~Y u2Y) (to sece this, divide the left hand side by t2Y u2Y to get O(t!~2¥uY") which is O(1)
for t small and u < 1) and (by (C-8)) we see that

Fio(tlféYuY) _ O(t27Y,UJ2Y)

so efrsin(F;) = F; + O(t* Yu?Y) = F; + O(t> Y u?Y) for u < 1, so (using the second half of decomposition in (C-11))
we see that

1 1
/ @—%vglﬁ SiH(U,Z)eFT Sin(Fi)d% = / 6_%’03“2 SIH(UZ)FZd% + O(tQ_Y)-
51t u 5—1v1 u
so using Re[e™“*F] = cos(uz)F) + sin(uz)F; and combining with (C-20) we see that
! 1,242 . du oy
Is = e 20" Rele "™ Fl— + O™ ). (C-21)
51T u
Next we prove that for the final term I, we have
> ; d
I, = / e*%USUQRe[e*WF]u—Z + O(t*™). (C-22)
1
Now
Iy — \/1 efévgu"’Re[efwzF]ufg‘ _ /1 efévgui’Re[efzuz(eF _1— F)}uig
and we note that
Re(c™*(cF ~1-F)| < e (" —1-F) < |F-1-F < S EI
B - - k!
k=2
Recall that
Flut) = iubVE + vt =2 [(MVE+iw)Y — MY Y] + At 3 [(GVE—iw)Y — GY 3],

Here |F'| can be bounded as

liubVE — (4 M+ v_G)t + vt 2V (MVE+ i)Y +y_t' 2 (GVE—iw)Y|
buvt + Ct + Ct =2 yY
172 (C +u+uY)

|F|

<
<

for some constant C > 0. This leads to

i |F|k i (tsz)k(C+u+uY)k _ o] t27Y(0+u+uy)k - t27Y€C+u+uY'
k=2

Lo«
k! - k! - k! -

T
[ V)

k=2
Thus we see that
o o
1,2, 2 . du 1,2, 2 Y
/ e~ 2V ’Re(e—zuz<6F _1- F)‘ — < tQ—Y/ e~ 2V eC+u+u du < oo
1 u 1

where the finiteness follows since Y < 2, and (C-22) follows. Putting all this together (i.e. combining (C-17), (C-12),
(C-21) and (C-22)), we obtain

L+L+IL+1 = / e 3 Rele ™ F1 S + O(27Y) + O(t?).
S\t u
From (C-6), we see that
/ e—%vgque[e—iuzF]d% _ tl—%Y/ e—%vgque[e—iuztl—%Y(,L-u)Y(,er_‘_77)](171;
5—1/% u 5—1/% u
oo
. d
+ / e_%”3“2Re[e_1“Ziub\/i]—Z
§—1/t u

e 1 : _ ~nd
- / 6*5”3“2Re[e*“‘2t(q/+M+77G)]—Z
5

-1/t u

> 1,2, 2 . 3_1 du
+ / e 2% Rele ™ O(t2 2V ¥ )] = .
é

—1./1 u2



Since 671/t < u, for any £ > 0 we have that

<

(o)
: d
/ e_%vgque[e_wziub\/ﬂ—Z
E) w

o0 1 2
/ e—%vﬁuzubﬁdi; = Lvire, 0y — owlegl) = 0@
—1\/2 k) u 2

-1i 7242

for any € > 0, where I'(.,.) denotes the incomplete Gamma function. Similarly, again ignoring the e=** term we find
that

e 1,22 . _ _d
/ e 2VU Re[eiluzt(’}q_M—}—fy_G)]% _ O(\/%)
v u
and
o 1,2,2 . 1 d
/ e H B Rele 0@ W TS = O(VA).
51t U

Taking all this into account, we conclude that

L iy 1 [ 1 » d
Bl b (XY = Tt =)t = Ble (XD = 2)T] = AL [ e Rl ) (s +00)) 5 + O ).
Vit T Js-1 vz u?
Now the claim follows from simple observations
5_1\/E . ) d
Ao [ e bR )Y (0] = O,
0 u

This concludes the proof.

D Proof of Lemma 2.5

Let hsp(u) =1 for u < R, hsr(u) =0 for u > R+ 6 and hs r(u) =1 — +(u— R) for u € (R, R+ 6), so hs g € Cj.
Then

E(f(Xna Yna Zn)lanR) < ]E(f(Xna Yna Zn)hé,R(Zn))

and from weak convergence lim,,_,oc E(f (X, Yn, Zy)hs,r(Zn)) = E(f(X,Y,0)), solimsup,, , .o E(f(Xn, Y, Zn)1z,<r) <
E(f(X,Y,0)) since hs r < 1. Similarly

E(f(XTu an Zn)lZnSR) 2 E(f(Xny va Zn)hé,R(Zn + 5))

for 6 € [0, R), and again from weak convergence we have lim,,_, o E(f(X,, Y, Z,)hs,r(Z, + 0)) = E(f(X,Y,0)) since
hs r(6) =1, so

n— oo

E Proof of Lemma 2.6
Define hs g(y) as in Appendix D. Then

E(f(Xn,Yn,Zn)ly,<rlz, <kx) < E(f(Xn,Yn,Zn)hs r(Yo)hs k(Z2))
and from weak convergence of the right hand side and using that Z,, = 0, we see that

limsup E(f(Xn, Yn, Zn)ly,<rlz,<x) < E(f(X,Y,00hsr(Y)) < E(f(X,Y,0)ly<gris)-

n—oo
But the expression on the right hand side is clearly just a multiple of the distribution function of Y (evaluated at

R+ 6) under the measure Q defined by % HX,¥,0)

= FX,Y.0) and hence is right continuous, so we can let § — 0 to obtain

limsupE(f (X, Y, Zn)ly,<rlz,<x) < E(f(X,Y,0)ly<g).

n—oo
Similarly
E(f(Xn, Yo, Zn)ly,<rlz,<x) > BE(f(Xn,Yn, Zn)hs r(Yn + 6)hs r(Zn +9))
for § < R, and again from weak convergence of the right hand side and using that Z,, — 0 we have

Hm inf B(f(Xn, Yo, Zn)ly,<rlz,<x) = E(f(X,Y,2)hsr(Y +0)hsr(0)) = E(f(X,Y,0)hsr(Y +0))

n—oo



SO

]E(f(XaKO)h5,R(Y+6)) S hminfE(f(Xn7Yn7Zn)lyngRlZ,,LSK) hmsupE(f(XnaYn7ZTL)1Y7LSR)

n—00 n—o0

E(f(X,Y,0)ly<r).

IN

IN

Letting 6 — 0 on the left hand side and using the monotone convergence theorem (since hs (Y + ) ' ly<r) we get

E(f(X,Y,0)ly<r) < IlminfE(f(Xn,Yn, Zn)ly,<rlz,<kx) < limsupE(f(X,,Y,, Z,)ly,<r) < E(f(X,Y,0)ly<g)

n—oo n—o0

But Y has no atom at R by assumption, so the left hand side is equal to E(f(X,Y,0)1y<g).

F Proof of Lemma 1.1

Using integration by parts and the stochastic Fubini theorem we see that

t t
/(t—s)%*HdZSH = (%—H)/ (t—s) = HzHgs
0 0

_ \/ﬁ(%—H)/O /Os(t—s)—%—H(s—u)H—édBuds
= \/ﬁ(%fH) /Ot /t(ts)éH(su)HédsdBu

and
t

@(%—H)/(t—S)_%_H(s—u)H_%ds = T .

u

Hence ¢y fot(t —s)zHazH — fot dB, = B;. Comparing (4) and (6) we see that F# = FZ" .



