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Abstract

Using the large deviation principle (LDP) for a re-scaled fractional Brownian motion By’ where the
rate function is defined via the reproducing kernel Hilbert space, we compute small-time asymptotics for
a correlated fractional stochastic volatility model of the form dS; = Sio(Y:)(pdWy + pdBy), dY: = dBf
where o is a-Holder continuous for some a € (0, 1] but need not be bounded; In particular, we show
that log St/téfH satisfies the LDP as t — 0 and the model has a well-defined implied volatility smile
as t — 0, when the log-moneyness k(t) = zt2~ " Thus the smile steepens to infinity or flattens to zero
depending on whether H € (0, 3) or H € (1,1)."

Keywords: fractional stochastic volatility; fractional Brownian motion; large deviations; implied volatil-
ity asymptotics; rough paths.

1 Introduction

The last few years has seen renewed interest in stochastic volatility models driven by fractional Brownian
motion or other self-similar Gaussian processes (see [6, 20, 24, 25, 26]). Recall that fractional Brownian
motion BH (fBM) is a centered self-similar Gaussian process with stationary increments, which depends on
a parameter H € (0,1) called the Hurst index, and B is persistent (i.e. more likely to keep a trend than
to break it) when H > % and anti-persistent when H < % (i.e. if BY was increasing in the past, B is
more likely to decrease in the future, and vice versa). An earlier application of fractional Brownian motion
in finance can be seen in Comte&Renault[11], who introduced a long-memory mean reverting extension of
the Hull-White stochastic volatility model, where the log volatility is an Ornstein-Uhlenbeck process but
driven by a fractionally integrated Brownian motion process, to capture the (much-documented) effect of
volatility persistence. Comte et al.[9] also introduced a long-memory extension of the Heston model, via
fractional integration of the usual square root volatility process, which has the desirable feature that the
autocovariance function of the volatility process has power decay in the large-time limit (as opposed to the
usual exponential decay for the standard CIR process, which has short-memory).

Gatheral et al.[24] provide strong empirical justification for such models; in particular they argue that
log-volatility in practice behaves essentially as fBM with Hurst exponent H ~ 0.1, at any reasonable time
scale (see also Gatheral[22, 23]). In particular, Gatheral et al.[24] advocate a model where the volatility is the
exponential of a fractional Ornstein-Uhlenbeck process with small mean-reversion parameter. Alds et al.[4]
examine the short-time behaviour of the derivative of the implied volatility with respect to the current log
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stock price, for a mean reverting fractional stochatic volatility model driven by a Riemann-Liouville process
using Malliavin calculus techniques and an extention of the well known Hull-White decomposition formula
to the non-correlated case. They show that this derivative is O(t _%) as t - 0 when H < % and tends
to zero for H > % (if the model has no jumps). Their result follows from a novel anticipative Ito formula

applied to the process +— ftT o2ds which is clearly not Fi-measurable (see also Alés et al.[3]). Alés&Leén[2,
Theorems 11 and 12] give expressions for the first and second derivative of the implied volatility with respect
to the log strike, in terms of a quantity D o; defined in their hypothesis H2, which can be seen to depend
on the the Malliavin derivative D!Y o2, which is easily computed as 20(BH)o' (B2 ) K (r,u) for our model
in (10) where Ky (s,t) is defined in (3). In Alds&Ledn[2, Section 5], they compute this quantity explicitly
for a conventional diffusion stochastic volatility model.

Fukusawa[19] derives a small-noise expansion for a general correlated stochastic volatility model driven by
fBM, using Yoshida’s martingale expansion theory and Edgeworth expansions. More recently, Fukusawa[20]
computes a small-time asymptotic expansion for implied volatility for a local-stochastic volatility model
driven by fractional Brownian motion, using the (lesser known) Muravlev representation of fractional Brow-
nian motion to capture the effect of correlation, which is non-trivial issue for fractional models as we shall
see in this article. In another recent article, Bayer et al.[6] analyze the rough Bergomi variance curve model,
which is shown to fit SPX option prices significantly better than conventional Markovian stochastic volatility
models, and with less parameters.

Mijatovié&Tankov[32] introduce a new parametrization for close-to-the-money options where the log-
moneyness k(t) = Hw/tlog(%) as t — 0, and for exponential Lévy models in this regime, they prove the
surprising result that the implied volatility smile converges to a non-degenerate limiting shape. For jumps of
infinite variation, the asymptotic smile is a piecewise linear function with three pieces, which depends on three
numbers - the constant diffusion coefficient o and the positive and negative jump activities as measured by
the Blumenthal-Getoor index. For jumps of finite variation, the asymptotic smile is constant and equal to o.
These ideas are developed further in Figueroa-Lépez&Olafsson[16], who derive a second-order approximation
for at-the-money option prices for a large class of exponential Lévy models, and also when the continuous
Brownian component is replaced by an independent stochastic volatility process with leverage. We also
mention Baudoin&Ouyang[5] who consider small-time asymptotics for the density of the solution of a rough
differential equation driven by enhanced fBM, using Rough paths theory and Malliavin calculus. fBM for
H > % admits a (step-3) lift as a geometric rough path of order p for any p > % and one can prove an LDP
for the lifted fBM with small noise (see e.g. Friz& Victoir[18, Theorem 15.59] and Millet&Sanz-Sol[33]), and
then in turn for an RDE driven by fBM, using the continuity of the It6 map established in Lyon’s celebrated
universal limit theorem (see Friz&Victoir[18, Proposition 19.14]). Baudoin&Ouyang[5] also make use of a
joint LDP for the terminal level of the small-noise diffusion and the Malliavian covariance matrix associated
with the diffusion.

More recently, Gulisashvili et al.[25] compute a sharp small-time density estimate for a model with
volatility equal to the absolute value of general self-similar Gaussian process, which includes fBM as a
special case. For out-of-the-money strikes, they express the asymptotics explicitly using the self-similarity
parameter H of the volatility process, and its first Karhunen-Loéve eigenvalue at time 1, and the multiplicity
of this eigenvalue. The Karhunen-Loéve decompsition is essentially an eigenfunction expansion for the path:
X = Zzo:l \/Een(t)Zn, where Z,, is an i.i.d. sequence of standard normal variates, and \,,e, are the

respective eigenvalues and eigenfunctions of the covariance operator Kf = fOT f(5)Q(s,t)ds of the Gaussian
process with covariance function Q(s, t), which is a compact self-adjoint linear operator on L?[0, T]. When X
is cenrted, the integrated variance fOT X2ds can then be written simply as > i A Z2. Unfortunately, fBM
and OU processes driven by fBM do not fall in the class of Gaussian processes for which the Karhunen-Loéve
expansion is known explicitly, but efficient numerical techniques exist to compute the eigenfunctions and
eigenvalues in these cases.

In Sections 2 and 3 of this article, we give a brief overview of Gaussian processes and in particular fBM,
and we recall the classical LDP for a re-scaled Gaussian process and the meaning and construction of the
associated reproducing kernel Hilbert space (RKHS). In Section 4, we introduce the fractional stochastic
volatility model dS; = S;o(Y;)(pdW; + pdB;),dY; = dBH, and using the LDP for a re-scaled fBM, we



show that tH_%Xt satisfies the LDP as t — 0 with speed ﬂ% As a corollary, we show that there is a

non-trivial small-maturity implied volatility smile when the log-moneyness of the call option k(t) = wtz—H
as t — 0; hence the short-maturity smile steepens to infinity or flattens to zero depending on the sign
of H — % The Hurst exponent H affords us greater flexibility in fitting small-maturity smiles than the
Mijatovi¢& Tankov[32] parametrization which only gives a small-time smile for one particular k(¢) function,

and their asymptotic smile has to be piecewise linear with at most three pieces).

2 Background on Gaussian processes

A zero-mean real-valued Gaussian process (Z;);>¢ is a stochastic process such that on any finite subset
{t1,...,tn} C R, (Z,,...,Z,) has a multivariate normal distribution with mean zero. The law of a
Gaussian process is entirely determined by the covariance function K(s,t) = E(Z;Zs) and Z induces a
Gaussian probability measure p on (E,B(E)), where E denotes the Banach space Cy0, 1] with the usual
sup norm topology (see e.g. Carmona&Tehranchi[7, Section 3.1.1] for details). Let Z denote the restriction
of (Z)i>0 to t € [0,1] and let M (#) be the moment generating function of Z:

M) = E(f9%) =¢:Q0),
defined for # € E*, where Q(0) = [(9, >2u( dx) = (0, pf) and the covariance functional p : E* — E is a

bounded linear operator given by pf = f {0, 2) xp(dr). Using Fubini’s theorem, we can re-write pf as 2 (see
Carmonad& Tehranchi[7, p.86]).

/E<97x>m(t)u(dx):/E/[o71] x(u)f(du) z(t)pu(dz) /[01 /x (u)x dx)] 0(du)
/O " K, 1)0(du),

2.1 The reproducing kernel Hilbert space for a Gaussian measure

po(t)

The reproducing kernel Hilbert space (RKHS) associated with the Gaussian measure p is defined as the
completion of the image p(E*) C E, using the inner product

(pr*, py") = /E 2 (2)y" (2)uldz)

(see Carmona& Tehranchi[7] for further details, and Subsection 3.3 below for the structure of the RKHS for
the specific case of {BM).

3 Fractional Brownian motion

Fractional Brownian motion (fBM) is a natural generalization of standard Brownian motion which preserves
the properties of stationary increments, self-similarity and Gaussian finite-dimensional distributions, but
it has a more complex dependence structure which exhibits long-range dependence when H > L. In this

2
subsection, we recall the definition and summarize the basic properties of fBM.

A zero-mean Gaussian process B} is called standard fractional Brownian motion (fBM) with Hurst
parameter H € (0,1) if it has covariance function

Rp(s,t) = E(BI'B) — E(B)E(B]) = %(\tlm + s — [t = s]*). (1)

2Recall that (0, f) = f[o 1 f(u)0(du) for some signed measure 6(du), by the Riesz representation theorem.



In order to specify the distribution of a Gaussian process, it is enough to specify its mean and covariance
function; therefore, for each H, the law of of B¥ is uniquely determined by Ry (s,t). However, this definition
by itself does not guarantee the existence of fBM; to show that fBM exists, one needs to verify that the
covariance function is non-negative definite.

We now recall some fundamental properties of fBM:

e fBM is continuous a.s. and H-self-similar (H-ss), i.e. for a > 0, (Bgt)i>0 w af (Bt)i>0 where @

means both processes have the same finite-dimensional distributions. For H # %, B* does not have
independent increments; for H = %, B is the standard Brownian motion.

e From (1), we see that

E((B{' - B{)") = E((B")) + E(B")]) — 2E(B]B/")
— t2H +52H _ (t2H +52H _ |t _ 8|2H) — |t— S‘QH,

so B — BE ~ N(0, |t — s|*); thus B has stationary increments.

o If we set X, = B,Il{ — BH | then X, is a discrete-time Gaussian process with covariance function

n—1»
Pn = E(Xk-i-an) = E((Blf-i-n - Blgi-n—l)(Blg - Bllcq—l))
Ry(k+n,k)+ Ruy(k+n—1,k—1)— Ryg(k+n,k—1)— Ry(k+n—1,k)
1
= 3ln+ D2H 4 (n—1)2H — 2021 ~ H(2H — 1)n*1-2 (n — 0),

and thus (by convexity of the function g(n) = n?), we see that two increments off the form By, — By_;
and By, — Bj4n—1 are positively correlated if H € (3,1) and negatively correlated if H € (0, ). Thus
BH is persistent (i.e. it is more likely to keep a trend than to break it) when H > % and anti-persistent
when H < % (i.e. if BH was increasing in the past, it is more likely to decrease in the future, and vice

versa).

o If H € (%7 1), we can show that > 7, p, = co which means that the process exhibits long-range
dependence, but if H € (0, %) then Y | pn < 0.

e Using that E((BY — BH)?) = (t — 5)?" we can show that sample paths of B are a-Hélder-continuous,
for all a € (0, H).

e fBM is the only self-similar Gaussian process with stationary increments (see e.g. Marquardt[31]), and
for H # &, B} is neither a Markov process nor a semimartingale (see e.g. Nualart[34]).

3.1 Construction of fractional Brownian motion

Various integral /moving average representations of fBM in terms of a standard Brownian motion have been
devised over the years, which we now briefly review:

e Mandelbrot& VanNess[30] give the following moving-average stochastic integral representation of {BM
for t > 0:

BH - cH[/t (t—$)dB, — /0 (—s)~7dB.],

— 00 — 00

where B is standard Brownian motion, v = § — H and cg = ([;~[(145)" — s7]?ds + ﬁ)%,g and note
that B{' = 0.

3See Mandelbrot& VanNess[30, Corollary 3.4] for the choice of the normalizing factor cp.
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Figure 1: Here we have plotted a Monte Carlo simulation of fBM for H = 0.9 (left) and H = 0.3 (right),
using the command: “data = RandomFunction[FractionalBrownianMotionProcess[H], {0, 1, 0.0001}] ; List-
LinePlot[data]” in Mathematica.

e We also have the following Volterra-type representation of {BM on the interval [0, ¢]:

t
B = / Kp(s, t)dBs, (2)

0

where
KH(S7t)
. C+s%—Hf;(u—s)H—%uH—%du7 if He (%,1)7 3)
c_ [(%)H_%(t— S)H_% - (H - %)s%_H f: uH_%(u — s)=2du, if He(0,3),

and ¢y = [6(2{(22#%]%’ c. = [(1—2H)ﬁ(21512H,H+%)}% and B(-,-) denotes the beta function (see

Nualart[34, Eq. (5.8) and Proposition 5.1.3]).

e In 1953, Lévy introduced the following variant of fBM with a simpler kernel, also known as the Riemann-
Liouwille process (see Mandelbrot&VanNess[30] for related discussion)

. 1 t 1
BH = 7/ t—s)"24B,,
t I'(H+3) 0( )

for H € (0,1), which preserves the self-similarity feature of fBM (but not the stationarity of increments,
see e.g. paragraph below Definition 1 in Comte&Renault[10] and Chen et al.[8]). This process is
used in the fractional stochastic volatility model introduced in Comte&Renault[10, 11] and a similar
representation is used for the fractional Heston model in Comte et al.[9].

3.2 The reproducing kernel Hilbert space for fBM

We first re-prove a well known result, which we later adapt for the proof of the main theorem below.

Lemma 3.1 (see also [12, 35]). The reproducing kernel Hilbert space of fBM is Hy = Ky L?[0,1] with
scalar product given by

(f, 9 = (h1,h2)rep0,



for f =Kghi, g =Kghy, where the operator Ky is defined by (K f)(t) = f(f Kg(s,t)f(s)ds fort € [0,1].

Proof. See Appendix A. =

3.3 The small-noise large deviation principle for Gaussian processes

A classical result for any centered R™-valued Gaussian process Z states that \/eZ satisfies the LDP on
Co([0,1],R™) in the uniform topology as e — 0 with speed % and good rate function given by

0, otherwise,

where H is the RKHS associated with the process (see e.g. Millet&Sanz-Sol[33, p.3] or Deuschel&Stroock[14,
Theorem 3.4.12] for an elegant proof). fBM is a particular type of centered Gaussian process so /z B
satisfies the LDP with good rate function A(f), and in this case we know the structure of the RKHS from
the Lemma in the previous subsection. From here on, we will use Ay in place A to signify that we are only
working with fBM.

4 Small-time asymptotics for a fractional stochastic volatility model

We work on a probability space (2, F,P) with a filtration (F;);>o throughout, supporting two independent
standard Brownian motions and satisfying the usual conditions.

4.1 The fBM model - the uncorrelated case

We first consider the following stochastic volatility model for a stock price process S; driven by fBM:

dSt = StO'(Y;g)th y (5)
dY, = dBH

where o is is continuous and W and B} denote an independent Brownian and fractional Brownian motion
respectively. We set X; = logS; and Xy = Yy = 0 without loss of generality*, and it will be convenient to
introduce the corresponding small-noise process

dX} = —5ea(Y¥)dt + o (YS)dW,, (6)
dyy = "dBf,

with X§ =0, Y = 0.

Theorem 4.1 Xt/t%_H satisfies the LDP as t — 0 with speed tZLH and good rate function given by

2

5 + Au(f)] (7)

T
I = inf
(z) feg;[o,u 2F(f)

where F(f) = fol a(f(s))%ds, and 1(-) attains its minimum value of zero at x = 0.

4Because the law of X; — X is independent of Xp, and if we want Yy # 0 we can just adjust o accordingly.



Proof. From It6’s formula, we know that X; = log S; satisfies dX; = —%U(K)2dt + o(Y;)dW;. Now let
dX: = eo(YS)dw,,

with Xg =0, i.e. the same SDE as in (6) with the same volatility process but without the drift term. Then
we have

(law) (law) (law)
x; = X! Wieopry2as = efl Bi2au = Weloen Bl ®)

(law) (law)

From Subsection 3.3, we know that e B satisfies the LDP on Cy[0, 1] with speed 62% and good rate
function Ap. By the Girtner-Ellis theorem, we also know that ¢ W, satisfies the LDP as € — 0 with speed
—z7 and good rate function 12?%; thus (by 1ndependence) (W, el BH) satisfies a joint LDP on R x Cy|0, 1]
with speed =7 and good rate functlon s2% 4+ Ap(f). From (8) we see that

W) 5—H py=yh ey, = 3= HpHw,, ve),

where ¢ : R x (5[0,1] — R is given by o(z, f) = zF(f)z.

X5

F is continuous in the sup norm topology, so (from the contraction principle) F(Y¢) satisfies the LDP

with speed e72# and good rate function Ir(y) = inff.p(f)=y Au(f) as e — 0, and hence (from Remark a)
on page 8 in [13]) we know that F is also exponentially tlght S0
XE X I . . 25 .
for any R > 0 and ¢ sufficiently small. Hence (by exponential tightness) we see that
X5 XE
lim sup e log P(| — 1H - = >0d) < —Ip(R).
e—0 €27

Then (by exponential tightness), imp_s o, Ir(R) = 00, so we can letting R — oo we see that lim._,o e2# log IP( 1 —
g2

) = —o0. Hence Xf/z—:%*H and Xf/sffH are ezponentially equivalent in the sense of Dembo& Zeitouni[13,
€
Definition 4.2.10]. Thus (by Dembo&Zeitouni[13, Theorem 4.2.13]), X¢/e2~H also satisfies the LDP with

speed 3 and rate function I(z). But X§ (law )X and thus X /e2—H also satisfies the LDP with rate I(z),
and I(x) simplifies to the expression given in the statement of the theorem (where we now also replace ¢
with ¢). The fact that I(x) = 0 follows from setting © = 0 and f = 0 and using that Ay (0) =0. =

Remark 4.1 Note that the proof does not use the stationarity of fBM anywhere, so we can actually replace
Y with any Gaussian H-self-similar process, as in Gulisashvili et al.[25, 26], e.g. the Riemann-Liouville

process Y; = \/2Hf0t(t — s)H=2qw,.

4.2 The correlated case

We now add correlation to the fractional stochastic volatility model in (5) and assume that S; = e** evolves
as
dSt = StO'(}/;g)(ﬁth + det) s (9)
dY; = dBE

for p € (—1,1) with p = \/1 — p2, and o is a-Holder continuous. Again it will be convenient to introduce
the small-noise process

{ Z);; B };dfggf) dt + Z o (YE)[pdW, + pdBy), (10)

with X§ = 0,Yg = 0.



Theorem 4.2 tH— 2Xt satisfies the LDP as t — 0 with speed 2H and good rate function given by

_ (x — pG(f))* z’
I(z) = At [W *||f||H1] = 27002 (11)

where F(f fo (Kuf')(s))*ds, G(f fo (Kuf)(s)f (s)ds and Hy = {fo s)ds, h € L2[0,1]} is the
usual Cameron Martin space for Bmwman motion with the Hilbert structure (f,g)m, = (f'(5)9'(s))r2[0,1)-
I(z) attains its minimum value of zero at x = pG(0) = 0.

Proof. See Appendix B. =

Remark 4.2 Note that all the Theorems above (and we suspect most or all of the other published /unpublished
results on fractional stochastic volalility models) are no longer true if we condition on the history of BY
at finite or infinitely many points in [—7, 0] for some 7 > 0 fixed (for us the problem is that a conditioned
fBM is no longer self-similar, which is what is needed in the proof of Theorem 4.1 to translate small noise
asymptotics into small-time asymptotics). This is a non-trivial and important issue, which will hopefully be
addressed in future work. On this theme, we also recall the prediction formula for fBM of Nuzman&Poor[35]:

H

E(BEAIF) = £ cos(Hﬂ)AH*‘% fioo (A?ﬁds, but what we really want is the conditional covari-
t—s+ t—s 2

ance structure of {BM.

Corollary 4.3 The rate function I(x) in (11) is continuous.

Proof. Let Z(x, f) = 2(;2%%({1)]2,2) + %||f||%,1 Then Z(-, f) is continuous (and hence USC), and I(z) =
inf; Z(z, f). The pointwise supremum of a family of LSC functions is LSC (see e.g. Aliprantis&Border|1,
Lemma 2.41]), hence the pointwise infimum of a family of USC functions is USC, so I(z) is USC. But I(z)
is also a rate function, hence I is also LSC. m

Corollary 4.4 Lety = %—H as before. Then using the continuity of I(xz), we have the following small-time
behaviour for digital put/call options

lim t?HlogP(X, > 2t?) = —A*(x), (x> 0),
1

}irr(l) t?HlogP(X, < at?) = —A*(z), (x <0),
e

where A*(x) = infys, I(y) if £ > 0 and A*(x) = infy, I(y) if z < 0.

4.3 The martingale property and asymptotics for call options and implied
volatility

Lemma 4.5 Assume that o : R — (0,00) is a-Hélder continuous for some o € (0, 1], then there exists some
Ay > 0, such that

oy)? < A(l+yP), VyeR. (12)
Proof. Let L > 0 be the Holder constant of o, we have

lo(y) —a(0)] < Lly|* = 0<a(y) <a(0)+ Lly|* < a(0) + L1y <1 + Lly[1jy>1 < 0(0) + L+ Llyl.

Hence, o(y)? < (0(0) + L + L|y|)*> < (2[(¢(0) + L) v L|y|])? < 4(c(0) + L)? + 4L3|y|?. It follows that (12)
holds for A} = 4(c(0) + L)?. =m

We now prove that the stock price process in (9) is a martingale:



Proposition 4.6 If o satisfies (12), then S; is a martingale.

Proof. For any s > 0, (BH)?/s*! follows a chi-squared distribution with degree of freedom 1, so

omiyy — L 1
E(e ) = Ty reh VO < LR (13)
Hence, if ¢,C' > 0 and s > 0 satisfy
s+ < g, (14)

then by Jensen’s inequality and Fubini’s theorem, we have that

Ss+e s+e
E(efss+£ C\Bf|2du) _ E(eé ':*E sC|Bf|2du) < 1 / ]E(eEC‘B’Ij‘z)du — 1 / diu .
€Js eJs V1-2u2HeC

Since for all u € (s,5+¢], 1 —2u*TeC >1—2(s+¢)?#eC > 1 -1 =1, we know that
3+5C H 2d ]_ ste
E(el: ™" CIBSPduy - < g/ V2du = V2. (15)

We use the above estimate to prove that S; = S exp(f(;5 o(BH)(pdWy + pdB;) — %fot o(BH)2ds) is a mar-
tingale for all ¢ > 0. To this end, we define sy = 0 and g be such that 5(2)H+1A1 = i, and for n > 1,
define s, = s,_1 +€,_1 and &, > 0 be such that ,(s, +¢,)*7 4, = sns%ﬁlAl = %. We claim that s,
increases to oo as n tends to oo; indeed, if we assume to the contrary that lim, ... s, = M < oo, then
en > 1/(4A1(sup,~q 5,)%7) = 1/(4A; M?H) > 0, which is a contradiction.

From (15) and (12), we know that for all n > 1,

fff,l a(BM)2ds E(e% f,f:;l Al(l-‘r‘Bf‘?)ds) _ e%Alg’“lE(e%A‘ f::ﬁl |BE |2ds

< V2ezA1en-1 < o0,

E(e? )

IN

)

Hence by Karatzas&Shreve[27, Corollary 5.5.14], S; is a true martingale. m

4.4 Asymptotics for call options and implied volatility

Corollary 4.7 Consider the model in (9) and assume o satisfies (12). Then we have the following small-
time behaviour for out-of-the-money put/call options on S; = eXt with Sy = 1:

- PH(I) t*H 1og E(S; — ™) T = A*(x), (x>0), (16)
—

—lim 2 ogE(e™ — 8,)" =A*(a), (z<0), (17)
1

where x = log K is the log-moneyness.

Proof. See Appendix C. m

Remark 4.3 Note that this is a small-time, small log-moneyness parametrization if H € (0, %)7 and a small-
time, large log-moneyness parametrization for H € (%, 1). Put differently, we expect the implied volatility
smile to steepen to an infinite V-shape as the maturity ¢t — 0 if H € (0, 3) (similar to jump models) and to
flatten when H € (%, 1). The empirical findings in Gatheral et al.[24] report that H = 0.1 is realistic, but
historically H is usually found or chosen to be greater than % to capture long-memory dependence. Recall
that v = % — H, hence the limit H — 0 here is consistent with the parameterization used in FX option

markets where the log moneyness scales as xv/t ast — 0.



Corollary 4.8 Let 6(x,t) denote the implied volatility at log-moneyness x and maturity t. Then for the
model in (9), we have

2]

2A*(x) (18)

Go(z) = }gr(l) G(xt?,t)
where vy = % — H as before.

Proof. Setting k = xt” = 2t2~# | we know that the log absolute call price L = L(k) = |log E(S; —e™ )| ~
Atz(;) as t — 0. Then by in Gao&Lee[21, Corollary 7.1], we have the following small-time behaviour for the
dimensionless implied volatility squared V2 = &(x,t)%t:

vV = Gk L- zlogL—l-log(él\k/;r)] + o(—
A*(x)

_ 1-H T3
= \@[ 12 +t27 "z — —log( T ) + log 4\/7? ]2

A (z 3 A (z trHg 1
-V2] tZ(H) - ilog( tZ(H))Jrlog
V2A*(z) 1 2H . atz—H o omVt

o V205 (2)

where G(-, -) is defined in Gao&Lee[21], and the result follows by dividing by v/#. =

4.5 Numerical implementation and computing the most likely path

We can use the Ritz method described in Gelfand&Fomin[17, Section 40] to provide an approximate numerical
solution to the rate function I(x) in Theorem 4.2. More specifically, using that (cos(2mns),sin(2mns)), is

an orthogonal basis for L2[0, 1], we consider f functions such that f(0) = 0 and f'(s) = ao+221:1 [y, cos(2mns)+

- - inimi (z=m f(1)* 10712
by, sin(2rns)] for some finite N, and we then minimize T o Kt (.01 ()d5)) 24 + 3l fl%, over the N

Fourier coefficients. The optimal f then gives the “most likely path” for B¥ given that the log stock price
Xt = X.

In the following tables (see also Figure 2 and Figure 3) we calculate the rate function I(x) in (11)
and the asymptotic implied volatility 6¢(z) for the uncorrelated model in (5) and the correlated model in
(9) respectively, using the Ritz method with the NMinimize command in Mathematica with N = 4 and
o(y) = 0.1+ .05tanh(y), H = 0.25 (Mathematica code available on request).

Table 1: Implied volatility in the uncorrelated model (5).

x do(x) Ritz method | 6;(x) Monte Carlo ¢ = .005
0.001 | 10.0000% 10.0179%
0.02 | 10.0183% 10.0364%
0.04 10.0716% 10.0832%
0.06 | 10.1551% 10.1594%
0.08 | 10.2625% 10.2589%
0.10 | 10.3866% 10.3778%
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Table 2: Implied volatility in the correlated model (9) with p = —0.1.

x do(x) Ritz method | 6;(x) Monte Carlo ¢ = .005
-0.06 | 10.3064% 10.3127%
-0.04 | 10.1769% 10.1674%
-0.02 | 10.0724% 10.0774%
0.001 | 9.99731% 10.0067%
0.02 9.96412% 9.97780%
0.04 | 9.96607% 9.97724%
0.06 10.0036% 10.0115%
0.08 | 10.0714% 10.0740%
+
0.103
0.102
0.101
+
F Il Il Il Il Il
02 04 0.6 08 10

Figure 2: Here we have plotted the right half of the (symmetric) small-maturity implied volatility smile for
the model in (9) for p = 0, o(y) = 1 + .05tanh(y), H = 0.25 and ¢ = .005. verses the values obtained by
Monte Carlo using the well known Willard[37] conditioning method with 500,000 simulations and 100 time
steps in Mathematica. We use a discretization of the Volterra formula in (2) to generate the fBM.

0.1030

0.1025

0.1020

0.1015

0.1010

1005

-006  -004  -0.02

00 op 006 008

Figure 3: Here we have plotted the small-maturity implied volatility smile for the model in (9) for p = —0.1,
o(y) = 1+ .05tanh(y), H = 0.25 and ¢t = .002. verses the values obtained by Monte Carlo using the
Willard[37] conditioning method with 500,000 simulations and 100 time steps in Mathematica.
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A  Proof of Lemma 3.1

We first note that Ky is a bijection from L2[0,1] into Hy.> We now construct the adjoint of K (see
also Deuschel&Stroock[14, Section 3.4] where S = K in their notation), loosely following the arguments
in Decreusefond& Ustunel[12, Theorem 3.3] (which contains some minor errors). For f € H := L?[0,1],
KyfeHy CEandforde E*let Af = (0, Kgf). Then A : L?[0,1] — R is a continuous linear functional,

5The kernel is continuous and positive, so it induces an injection. Suppose this is not the case; then a nonzero cidlig
function f is mapped to 0 (because Ky is linear). Then pick the first interval where the sign of f is either + or —, without
loss of generality, say f(t) > 0 for all ¢ € (0,u), then the image of f will also have positive value for argument in (0,u), due to
positivity of the kernel. This is a contradiction.

13



i.e. an element of H* ~ H, so we have a continuous linear map K}, : E* — H. More explicitly, using
Fubini’s theorem, we have

0.Kuf) — / | Knts01(:)as)0 / / Kri(s,0)0(d8)] (s)ds,

(

so (Ki0)(s) = ji: Ky (s,t)0(dt). In order to verify that Hpy is the RKHS, we have to verify that Hpy is
dense in £ and that

/ei(G,f)du 1

where 1 is the law of B¥ on Cy [0,1]. We note that Kyt" = ¢, g tr+H=% forall r > — 1 for some ¢, g # 0, so
‘Hp contains all polynomials null at zero and this is dense in Cy[0, 1] (by the Stone- Welerbtrausb theorem)
Moreover, we also see that

Jo.5zan=5( ' B0(ds) / Blo@n) = K / 1 / BB 0(ds)0(dn)

/ / Rur(s,£)0(ds)0(dt)

/ / / Ky(r,s)Kg(r,t)dr6(ds)6(dt)

(if we define Ky (r, s) to be zero if r > s) = / / / Ky (r,s)Kg(r,t)dr6(ds)0(dt)

/01(/01 Kpg(r, S)e(ds))(/ol Ky (r,t)0(dt))dr
/01(_/T1 Ky (r, S)G(ds))(/T1 Ky (r, t)0(dt))dr

1
/0 (K30)(r)2dr = K30 210 = [Rub]2,, -

where Ry = KyK7;, and we have used that Ry (s, t) = Mt Ky (r,s)Kg(r,t)dr in the third line (see e.g.

Nualart[34, Eq. (5.9)]). This verifies that Hp is the RKHS for fBM.

B Proof of Theorem 4.2

Given that (B, B) is a Gaussian process, applying similar arguments to the proof of Lemma 3.1, we see
that the RKHS for (B, BY) is H%, = {(f, ) € Co(]0,1],R?) = [ h(s)ds, g(t) = [y Ku(s,t)h(s)ds, h €
L?[0,1]}. Using the general LDP for Gaussian processes in Subsectlon 3.3, we know that € (BH B) satisfies
a joint LDP on Cy([0,1], R?) as e — 0 with speed -7 and rate function

s)%ds, if (f,9) € H?

I - fo : i B-1
ulf9) { otherwise . (B-1)
From Itd’s formula, we know that X; = log S; satisfies dX; = — (Y})th + o(Y2)(pdW; + pdBy). Now let

dX: = eo(YE)(pdW, + pdB;),dYs = e®dB}, i.e. the same SDE as in (10) but without the drift term.
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Then we have

(law _ € 1
Xl er)a o(BH)2ds +p/0 O’(Bf)st = fl (BH,)?du + P/ (Bi)stu

1
law
o | B,
0

1
" Wiy + / 7(V;)aB,
0

(12\/) (law)

VELPF(YS)E Wh +p / o(ve)aB,) "2 %5, (B-2)

eH W, satisfies the LDP as e — 0 with speed ZH and rate functlon 21‘ thus by independence, (e Wy, B, e BH)

satisfies a joint LDP on R x Cy|0, 1] x C’O[O 1] with speed — and rate function £2? + Iy (f,g). Loosely

following the arguments in Dembo&Zeitouni[13, Lemma 5. 6. 9] by “freezing” the coefficient o(-) over small
time intervals, we now define

ZE = EH/Ot (e"BH)dB, = ¢ / /KHus)dB )dBs

Zme = sH/ o(eHBH | )dB, = ¢ / / S])dBu)st,

Lemma B.1 Z;™ is an exponentially good approzimation to Z for all t € [0,1]:

lim lim 2 log P( sup |Zf — Z;™ | >6) = —oo.

m—o00 e—0 telo,

Proof. See Appendix B.1 below. m
We can define the following mappings ®, ®™ from H% to Cy[0, 1]:

(@(f,9))()

/ o(g(s)) ' ()ds
0

(@™ (f,9)(t) = (‘I’m(f,g))(t)Z/O o(g(==))f'(s)ds  for t€][0,1], (B-3)

and recall that for (f,g) € H%, f = K%ﬁ and g = Kyh for some h € L2[0,1]. Moreover, we can extend the
domain of ® and ®™ to Cy[0,1] x Cy[0, 1] by setting ®(f,g) = 0 for f,g ¢ H% and

"(fe) = D olaLNGEEE) < F(L) ol

and we note that ® is measurable on this extended domain, and ®™ is continuous on this extended domain
and agrees with the original definition of ®™ in (B-3) for (f,g) € H% (where we are using the sup norm
topology for both arguments of ™).

Lemma B.2

lim sup [2((fs9)) — 2™((f,9))]lc = 0. (B-4)
MO0 (f,9)eH Iu(f,9)<a

Proof. See Appendix B.2 below. m

Returning now to (B-2), we see that

1 1
X 2 EpF(ye)l W1+p/ o(YE)dB,] = ﬁ’H[ﬁF(sHBH)%sHWlJrer/ o(c BH)dB,).
0 0
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We now define the functional o™ : R x Cy[0,1] x Cp[0, 1] as

" (x, fr9) = pF(g)x + p®™(f,9)(1),

and the “(1)” just means the function evaluated at the point ¢ = 1, and again ¢
the sup norm for the f and g arguments. Then we have (recall that p # 0)

™ is continuous if we use

XE m g m
P(IE%fH — " (W, e B "B > 8) = P(p(Z - Z7™)| > )
< P(pllZ7 - 27™) > 0)
g ,m 1
< P28 =207 > 56/1nD) -

Combining this with Lemma B.1, we see that

XE
lim lim e®" log P(|—+ — ¢"(e"W1,e" B!, e"B7)| > §) = —¢.

m—00 e—0 5%*H

Thus @™ (e Wy, e B!, e B7) is an exponentially good approximation to X’f/s%*H. Moreover, we see that

lim sup P(®((f.9))(1) = " ((£.9)) (1))
(2.f,9)ERXHZ,: 5 22411 (f,9)<a

< lim o sup [[pll@((f9)(1) - @™ ((£.9)(D)]
(£,9) €M% Iu(f,9)<c

< lim sup ol 2((f,9))(1) — @™ ((f,9))(1)] = 0,

MR (f.9)EHY T (f.9)<a

where the final equality follows from Lemma B.2. Thus by the extended contraction principle in Dembo& Zeitouni[13,
Theorem 4.2.23], Xf/E%*H satisfies the LDP with speed 82% and rate function

1 L a(m?
w.f.9:pF(9)2 wp®(f)=z (roeny  2p°F(g)
_ (@=pGU)? | 1) o
= 2 Sy Ml ]

as required. The rest of the proof just involves dealing with the drift term and proceeds as for Theorem 4.1.

B.1 Proof of Lemma B.1

We need to prove that for any given § > 0

lim lim &> log P( sup |Zf — Z{"°| > §) = —o0.

m—o00 e—0 te [0 1]

To this end, let oy = o(e# Bff) — o(e# BYL,)), for t € [0,1]. Fix a p > 0 and consider

m

o= inf{t>0:e¥ B - B |>p} A1,
then for all ¢ € [0, 77"], by the a-Hélder continuity of o(-), we have
—Lp® < op < Lp*, (B-5)

where L > 0 is the a-Holder continuity coefficient for o(-). For any A > 0 fixed, we have

¢ ¢
P sup / 0sdBs >6) = P( sup exp(eHA/ 0sdBy) > ).
0 0

te[0,7{"] te[0,7{"]
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Since exp(ef\ f(f 0sdBs) is a submartingale, by the maximum inequality (see e.g. Karatzas&Shreve[27,

Theorem 1.3.8]), we have

t "
P( sup exp(sH)\/ 0sdBs) > M) < M E[exp(sH)\/ 0sdBy)].
te[0,mm] 0 0

tAT]"

osdBg — %€2H)\2 0

Introducing the supermartingale M; = exp(ef\ [, tAri o2ds), then

0

2H>\2I/2p2o¢)7

T{n 1 Tim’ 1
E(exp({—:H)\/ 0sdBs)) = E(Mpm ~exp(§52H)\2/ o2ds)) < exp(§€
0 0

where the last inequality is due to (B-5). Hence,

t

1

P( sup exp(sH)\/ 0sdB,) > M) < exp(§€2H)\2L2p2a—)\6).
te[0,7"] 0

Lettlng A= W,

t 2
)
P( sup EH/ 0sdBs >0) < exp(—=—s———)-
tefo,7] 0 2e2H [ 2 p2ex
That is,
2
e logP( sup |Zf — Z"°| > 0) < + e og2,

te[0,7"] 2L2p2

(B-6)

where we have used that P(sup;c(o ) |25 — Z¢"°| > 0) < P(supseo, -y (Z5 — Z;"°) > 0) +P(supsejo, ) (Z5 —

Z;") < —4). Hence

lim sup limsupe?” logP( sup |Zf — Z"°| > §) = —o0.
P=0m>1 0 tel0,7m]
On the other hand,
P(r" <1) = P(sup e[Bf — BlLy| > p) <mP( sup " |BH| > p),
te[0,1] o tel0, ]

because fBM has stationary increments. By the scaling property of fBM we have

P( sup B >p)=P(sup "B >p) = P(sup (E)HBfI > p)
tefo, X t€[0,1] ™ tefo,1] ™
= P(sup BF > p(ﬁ)H)
tef0,1] €

By Theorem 1 of Lifshits[28, p.139], there exists a constant d such that

lim r~[logP( sup B >r)+ (r+d)?/2] = 0.
00 t€[0,1]

Thus for all ¢ > 0, there exists an 7* = r*(c) > 0 sufficiently large such that for all > r* we have

2
P( sup BT >r) < eXp(—(T +d)

+rc).
te[0,1] 2 )

Thus for the range of B we have for all r > 0 sufficiently large,

d 2
P( sup \BtH| >r) <2exp(— (r+d)
t€[0.1] 2

+7rc).
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Now setting r = p(2)" and using (B-9) we have

H )2 2,2
lim 2" logP( sup |e?BH| > p) < lim EQH[—M +p(m/e)c+1og?2] = _em
e—0 tG[O,%] e—0 2 2
Thus from (B-7) we have
limsup lim e2#P(7{" < 1) < limsup lim e2# [logm + log P( sup |7 Bf| > p)] = —oo, (B-10)
m—soo €—0 m—oo €0 te[o, L
and the right hand side is —oco so we can replace the limsup’s in m with a genuine limit.
Finally, notice that
{sup |Z; = Z"°| >4} c {"<1} U { sup |Z; —Z°| > 6}.
tel0,1] te[0,7{"]

Hence

P(sup |Z; — 2| >9) < P(r" < 1)+ P( sup |Z; —Z"°| > 9)

t€[0,1] teo,77"]
< 2max{P(r{" <1),P( sup |Z; —Z°|>d)}.
te[0,77]
We can then proceed as
e 1ogP( sup |Z8 — Z7°| > 9) (B-11)
tel0,1]
< e 1og2 + max{e®7 logP(r* < 1),e* logP( sup |ZF — Z"°| > §)}
te[0,7{"]
< max{limsup 2" log P(r/" < 1), limsupe*” log P( sup |ZF — Z™°| > 6)},

=0 €0 tefo,r]
as € = 0. For any N < 0, from (B-6) we can select a p > 0 sufficiently small such that

lim limsupe*?logP( sup |Z5 — Z/°| >6) < suplimsupe® logP( sup |Zf — Z"°| > 6) < N.

M=o £0 te[0,77"] m>1 e—0 tel0,7"]
On the other hand, for this p > 0, from (B-10) we have that

lim limsup e logP(r" < 1) = —00.
m—0o0 (0

Thus, from (B-11), we have

lim limsupe®? logP( sup |Z5 — Z;"°| >6) < N.

M=o e—oo0 t€(0,1]

By the arbitrariness of N < 0 we know that

lim limsup e logP( sup |28 — Z]"°| > 6) = —.

M= e—o0 te[0,1]

B.2 Proof of Lemma B.2

For all i € L?[0,1] such that ||}'L||L2[071] < f and assuming that s < ¢t (without loss of generality), from the
Cauchy-Schwarz inequality we see that

(Kuh)() — (Kuh)(s)| = | /O Kpt () ()t — /0 " K, 8)h(u)dul (B-12)
< 1 In (0~ Knlu,s) Lo Pl -5 2= 60,9 5.
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But we can re-write (¢, s) as

t s s
62(t, s) /K?{(u,t)du—i—/ K?{(u,s)du—Q/ Ky (u,t)Kp(u,s)du
0 0 0
= Var(B}?) + Var(Bf) — 2Cov(BF B = |t — 5?1,

Thus §(t — s) = |t — s|¥. Moreover, by the a-Hélder continuity of ¢ and the Cauchy-Schwartz inequality, we
have

[ms

@O - @ (O] = | [ (i) - a(@€ai) (D) is)as)
< [ Iah)s) - (i) (D islas
Lo 18], o1
< L[ Iai) () (Kb (T s -
< 1g sup os 200 < pgree qup | 2 por _ LOTE

s€[0,1] m s€[0,1] m

where L is the Holder constant for o, and we have used (B-13) in the final line. Letting m — oo we obtain
the result.

C Proof of Corollary 4.7

e (i) Lower bound. Recall that v = 5 — H; then for any § > 0, we have

v

(ew<1+5>t” — ) P(S, > s+
e (e — 1) P(S; > P > 5 P(S, > (1T

E(S; — ') F

By Theorem 4.2 and using that lim;_,¢ t2H logt = 0, we have that

B 2H _ zt7\+
11?331“ log E(S; — Spe™ )

Y

lim ié1f[z€2H(a:t7 + logd + vlogt) + t*M logP(S, > *(1+9)17)]
—

= lirtn iglf t* log P(S; > ") > _A*(x +6).
—
Now take 6 — 0+; then by continuity of A*(-), we obtain the desired lower bound.

e Upper bound. We note that for ¢ > 1, we have
E(S; — )T = E((S — ") g5 e0r) SE[((S: — ™))V IE(Lg, zenen)' 4.

Thus

2H
2 log E(S; — @MV)Jr < % log [ [((S¢ — e”v)Jr)q]] + tzH(l - é) logP(S; > e"’”tw)

2H
= log B(S7) + 27 (1 — )log‘ P(S, > e™'). (C-1)
q q

IN

Now recall that for ¢ > 1

E(SY) = E(exp(L(¢%5° — q) [{ o(BI)2ds + qp [} o(BH)dB,)) = E(R; - Ry),
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where we define the nonnegative random variables Ry, Ry as
1 t
R, = exp(§(q2 —q+ q2p2)/ o(BH)2ds),
0
t t
Ry = exp(*quz/ a(By')*ds + qp/ o(Bl)dB,)).
0 0

We now choose ¢ > 0 small enough so that

1
max{(¢° — ¢+ ¢°p°),2¢°p°} - A, t*7 T < 1

Then by the Cauchy-Schwarz inequality,

E(S{) < /E(R})-E(R3)

_ \/E(e(qQ—ququQ) I o(Bi)?ds) . (=2 Jy o(BE)2ds+2qp [ o(Bi)dB.)

= \/E(e(qQ—q+q292)fot o(B)?ds) .1,

where the last step is due to the observation that R3 can be considered as the time-t value of a
martingale starting from 1. Moreover,

E(SD) < \JE(-rt) [ o(bE sy <\ [ (ol —ata ) [ M52 s

< \/e(quJrquz)Alt\/ﬁ — Y23 (@’ e+ ) Art

where the last inequality follows from (15) with s = 0, ¢ =t and C = (¢® — ¢ + ¢?p?)A; after verifying
that (14) is satisfied. As a consequence, we obtain

. . t2H q . . 21 2 2 2 1
lim limsup —log E(S}) < lim limsup — (= (¢ — ¢+ ¢“p°)Ast + —log2) = 0.
4= t—0 q 4= 0 q 2 4
Hence we see that
(2H
limsup — log E(S{) < 0.
t—0 4

If we then take limg_, limsup,_,, on both sides of (C-1), we have (by Theorem 4.1) the upper bound

limsup t27 log B(S, — Spe™ )t < —A*(z),
t—0

as required.
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