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Abstract

We extend many of the classical results for standard one-dimensional diffusions to a diffusion process with memory
of the form dX; = o(X¢, X,)dW;, where X, = m A info<s<; Xs. In particular, we compute the expected time for
X to leave an interval, classify the boundary behavior at zero and we derive a new occupation time formula for
X. We also show that (X, X,) admits a joint density, which can be characterized in terms of two independent
tied-down Brownian meanders (or equivalently two independent Bessel-3 bridges). Finally, we show that the joint
density satisfies a generalized forward Kolmogorov equation in a weak sense, and we derive a new forward equation
for down-and-out call options®.

1 Introduction

In [Fordell], we construct a weak solution to the stochastic functional differential equation X; = x+ fg o(Xs, Ms)dWs,
where M; = supy<,<; Xs. Using excursion theory, we then solve the following problem: for a natural class of joint
density functions pu(y,b), we specify o(.,.), so that X is a martingale, and the terminal level and supremum of X,
when stopped at an independent exponential time &), is distributed according to p. The proof uses excursion theory
for regular diffusions to compute an explicit expression for the Laplace transform of the joint density of the terminal
level and the supremum of X at an independent exponential time, and the joint density satisfies a forward Kolmogorov
equation. Integrating twice, we obtain a forward PDE for the up-and-out put option payoff which then allows us to
back out o from the pre-specified joint density. This was inspired by the earlier work of [CHOO09] and [Carr09], who
show how to construct a one-dimensional diffusion with a given marginal at an independent exponential time.

The main result Theorem 3.6 in [BS12] shows that we can match the joint distribution at each fixed time of various
functionals of an It6 process, including the maximum-to-date or the running average of one component of the It6
process. The mimicking process is also a weak solution to stochastic functional differential equation (SFDE) and in
the special case when we are mimicking the terminal level and the maximum, the mimicking process is of the form
X, =+ [ o(Xs, My, s)dWs.

In this article, we consider the case when the diffusion coefficient o(.) depends only on X and its running minimum,
and we assume X is strictly positive, and o(x,m) is continuous with 0 < o(z,m) < oo for z > 0,m > 0,m < z, and
that ¢(0,0) = 0. The purpose of the article is to extend many of the standard well known results for one-dimensional
diffusions to the case when o also depends on the running minimum (as opposed to solving one problem in particular),
and we give financial motivation/applications where appropriate.

In Theorem 2.2 we prove weak existence and uniqueness in law for dX; = o(X;, X,)dW; by extending the usual
time-change argument for one-dimensional diffusions. In Proposition 3.1, we compute the expected length of time to
hit either of two barriers for X, as a simple application of Itd’s lemma and the optional sampling theorem. We then
examine the non-trivial question of when the hitting time Hj to zero is finite or not (almost surely); specifically, in
Theorem 4.1 we show that for € € (0,m)

€ u
P(Hy < 00) =0 if and only if / / m(u,v)dvdu = o0 (1)
o Jo
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where m(z,m) = For the case when m is independent of m, this reduces to the well known condition that

1
o(z,m)2"
P(Hy < 00) = 0 if and only if [ vin(v)dv = oo (see e.g. Theorem 51.2 (i) in [RW87]). We then formulate an extension
of the classical occupation time formula for the new X process (Theorem 5.2).

In Theorem 6.1, by adapting the argument in [Rog85] and using Girsanov’s theorem and conditioning on the
terminal value and the minimum of X, we prove the existence of the joint density pi(z,m) for X and its minimum.
We then further characterize this joint density in terms of two independent back-to-back Brownian meander bridges,
which we can further represented in terms of two independent Bessel-3 bridges using standard results in e.g. Bertoin
et al.[BCP99],[BCP03] and [Imh84]. Finally in section 8, we show that X is a weak solution to a forward Kolmogorov
equation, and we also derive a new forward equation for down-and-out call options.

2 A one-dimensional diffusion with memory
In this section, we construct a weak solution to the stochastic functional differential equation
t
X; = x4+ / o(Xs, X, )dWy (2)
0

where X, = m Ainfo<s<¢ X5 and W is standard Brownian motion, and we show that the solution X is unique in law.
The m parameter allows us to include the possibility that X has accrued a previous historical minimum m which may
be less than Xy = z.

We make the following assumptions on ¢ throughout:

Assumption 2.1
(i) o is continuous, and strictly positive away from (0,0)
(i) 0(0,0) = 0.

We let Hp denote the first hitting time to b:
Hy, = inf{s:X;=>5}

1
o(u,v)

and define m(u,v) = 5.

2.1 Weak existence and uniqueness in law

Theorem 2.2 (2) has a non-exploding weak solution for t < Hs which is unique in law, where 0 < 6 < m < x.
Proof.

o (Existence). Let (B, P;) denote a standard Brownian motion defined on some (2, F, (F;)) with By = z > 0,
B, = infp<s<¢ Bs, and assume that F; satisfies the usual conditions?. Let T; denote the a.s. strictly increasing
process

T, = /Ot m(Bs,m A B,)ds (3)
for t < 75 for some & > 0, where
To = inf{s:Bs=a}. (4)
Let Ay = inf{s: Ts =t} denote the inverse of T}, and set
X, = By,. (5)

Then we have A
t

At
/ 0?(Bs,m AB,)dT, = ds = A;.
0 0

2ie. Fiis right continuous and Fy contains all F sets of measure zero.



If we make the change of variables u = T so du = dTs = m(Bs,m A B,)ds then we can re-write the integral on
the left as

t
A = /&(Xu,gu)du
0

a.s., where we have used a pathwise application of the Lebesgue-Stieltjes change of variable formula. Thus
(X): = Ay a.s. Then by Theorem 3.4.2 in [KS91], there exists a Brownian motion W on some extended probability
space such that (2) is satisfied.

e (Uniqueness in law). We proceed along similar lines to Lemma V.28.7 in [RW87]. By Theorem IV.34.11 in
[RW8T], if X satisfies (2), then
Bt = XTt (6)

is standard Brownian motion, where T} = inf{s: (X); = t}, so

T,
/ o(Xe, X,)%ds = t.
0
Differentiating with respect to ¢t we obtain
U(XTt’XTt)QTtI =1 = O(Bt’m /\Et)2Ttlv

dT; = m(By,m A B,)dt. Hence
(X)), = inf{u:/ m(Bs,m A By)ds =t}.
0

Thus X may be described explicitly in terms of the Brownian motion B, so the law of X is uniquely determined.

Finally, stopping X at Hs means we are only running B until time 75, and 75 < oo a.s., so (Xyam,;) cannot explode to
infinity a.s. m

From here on we work on the canonical sample space 2 = C([0,00), R") with the canonical process X;(w) = w(t)
(w e Q,t € [0,00)) and its canonical filtration F; = o(Xs;s < t). Let P, ,, denote the law on (€, B(Q2)) induced by a
weak solution to (2) (which is unique by Theorem 2.2).

Remark 2.1 If 0 = o(z, m,t) is time-dependent, we can still obtain weak existence and uniqueness if the solution to
the ordinary differential equation dT3 = m(B;, m A B,,T;)dt is uniquely determined a.s. This will be the case if m is
Lipschitz in the third argument.?

We refer the reader to [Mao97] and [Moh84] for existence and uniqueness results for general Stochastic functional
differential equations.

2.2 Application in financial modelling

We can consider a time-homogenous local volatility model with memory for a forward price process (F});>o which
satisfies

dFt = Ftﬂdt+FtU(Ft7Et)th

under the physical measure P. This has the desirable feature of being a complete model, so under the unique risk
neutral measure Q, F; will satisfy dF; = Fyo(Fy, F,)dW,, i.e. a diffusion-type process of the form in (2).

3We thank Gerard Brunick for pointing this out.



3 The expected time to leave an interval

The following proposition computes a closed-form expression for the expectation of the exit time from an interval,
using It6’s lemma and a simple application of the optional sampling theorem. This proposition will be needed in the
next section where we classify the boundary behaviour of X at zero. The proof is similar to that used for a regular
diffusion in section 5.5, part C in [KS91] and page 197 in [K'T81].

Proposition 3.1 We have the following expression for the expected time for X to leave the interval (a,b) :

hz,m) = Egnm(H, A Hyp)
T o b
= 2/ (u — z)m(u, m)du + M/ (b —uw)ym(u,m)du + 2(b—x)C(m) < oo, (7)
m -m m
for0<a<m<axz<b< oo, where C(m f f"/\m *“Zm(u v)dvdu.
Proof. We can easily verify that h(xz, m) satisfies
1
m(z,m) = _ihm , hp(m,m) = 0, (8)

with endpoint condition h(a,a) = h(b,m) =0 for all a < m < b.

Now let 7 = H, A Hy. Then by It6’s lemma, we have
tAT tAT
WXinr Xy) = hm) = [ h(X X)X+ 5 [ haal X X,)0 (X0 X, )ds
0 0

tAT
+ / hon (X, X)X,
0

tAT tAT
| hea X gdXet 5 [ (X X,) 07X, X, )ds
0 0

using the second equation in (8) and the fact that dX, = 0 if X; # X,. hs(u,v) and o(u,v) are bounded for
0 <a<wv<u<b, sotaking expectations and applying the optional sampling theorem, and using the first equation
in (8), we have

Eym (M Xinr, Xinr)) = h(z,m) — Egm(tAT). 9)
m(u,v) < K for 0 < a <v <wu <b for some constant K > 0, so we have
haz,m) = Ezm(Ho A Hp)

T T —m b
= 2/ (u — x)m(u, m)du + %/ (b — u)m(u,m)du + 2(b— 2)C(m)

x uAm _
QK[/ (x—u)du—l—/(b—udu—l— —x// b dvdu < 00.

Thus h(.,.) is continuous and bounded, so letting ¢ — oo in (9) and applying the dominated convergence theorem on
the left hand side and the monotone convergence theorem on the right hand side, and using that h(a,a) = h(b,m) = 0,
we obtain (7). =

IA

4 Absorption at zero

Theorem 4.1 Let ¢ € (0,m). Then we have the following boundary behaviour for X :

Pym(Hp < 00) =0 if and only if / / m(u,v)dvdu = oo.
0



Remark 4.1 For the case when m is independent of m, X is a regular one-dimensional diffusion, and Theorem 4.1
reduces to the well known condition that

P,(Hy < 00) =0 if and only if / vm(v)dv = oo
0+

(see e.g. Theorem 51.2 (i) in [RW8T]).

Proof. (of Theorem 4.1). Setting a = 0 in (7), we have

/ /um bl (u,v)dvdu (10)

and Ey ,(Ho A Hp) < o0 if and only if C(m) < oo, because m(0, O) oo and m < oo elsewhere, all the upper limits
of integration are finite and —v will not explode because the upper range of v is m < b. Noting that ( )2 — 1 as

u,v N\, 0 and replacing the upper limits of integration by € € (0,m), we see that
E;m(Ho A Hp) < 00 if and only if | / / (u,v)dvdu < 0. (11)

Thus we have established that E, ,, (Ho A Hp) < oo if and only if [ [, m(u,v)dudv < co. We now need to verify that
Py.m(Ho < 00) = 0 if and only if [ [ m(u,v)dvdu = co.

o First assume that foa Jo m(u,v)dvdu < oo. Then E, ,,(Ho A Hy) < 00, so Hy A Hy < o0 a.s and P, (Hy =
H, = o0) = 0. But from the construction of X via a time-changed Brownian motion B in (5), we know that
P,(10 < m) > 0 where 7, is the first hitting time of B to @ as defined in (4), hence P, ,,,(Ho < Hp) > 0,
Py.m(Ho < Hp) > 0 and

Prm(Ho<o0) > Pup(Ho<H,<o0) > 0.
e Conversely, assume that P, ,,(Hp < co) > 0. For this part, we proceed as in the proof of Lemma 6.2 in [KT81].
Then there exists a ¢t > 0 for which
Pom(Ho<t) = a > 0.
Every path starting at = and reaching zero prior to time ¢ visits every intervening state £ € (0,z). Thus we have
0 < a < PypmHo—He<t) = Peeam(Ho<t) < Peeam(Hy ANHp <t)
for 0 < £ < z. It follows that

sup Pe eam(Hs AHp>t) < 1—a < 1,
€€(0,2]

and by induction, we find that

sup P¢ eam(Hz NHo >nt) < (1—a)" < 1.
£€(0,z)

We can re-write this as
Peenm(Hoe NHy >a) < (1—a)/! < (1 -a)*/t-t. (12)

We now recall the general result on e.g. page 79 in [Will91]: for any non negative random variable Y we have
BY) = [ BYzyd.
[0,00)

Thus E(Y) < oo if and only if f(R 00) P(Y > y)dy < oo for any R > 0. Thus setting Y = H, A Hy we have
Eg’g/\m(Hz AN H()) < o0
if and only if / Peenm(Hy A Hy > a)da < o0
[R,00)



But from (12) we have

e ] t 1 _ 1+R/t
/ Pe eam(Hz A Ho > a)da < / (1- oz)a/tflda = % < 0.
[R,00) R log(1 — a)

Thus E¢ enm (Hz A Ho) < 00, and from the first part of the proof we know that E¢ ¢arm (Hy A Hp) is finite if and
only if [; [ m(u, v)dvdu < oo for all & < m.

Remark 4.2 For a stock price model of the form in (7), Theorem 4.1 allows us to compute whether or not the stock
will default by hitting zero or not in a finite time under the risk neutral measure Q, which is relevant for the pricing
of so-called credit default swaps, which pay 1 dollar at maturity 7" if the stock defaults before T

5 The occupation time formula

From the continuity of o, we see that for any R € (1,00) and 0 < £ < v < u < R, 7(u,v) is continuous in v, and
thus (by the Heine-Cantor theorem) is wniformly continuous in v on the compact set 0 < % <v<u< Rwithwv
fixed. Using this property, we will construct an approximating sequence of processes (X™) to the process X in (2) by
“freezing” the m-dependence on a small interval. We then derive a new occupation time formula for X by applying
the standard occupation time formula for regular diffusions to the approximating process on each small interval, and
then letting n — oo.

5.1 Almost sure convergence for an approximating sequence of diffusion processes

Recall that 7, = inf{s : B; = b}. Set 0 < b < m < z, and My, (u,v) = ﬁl(u,%[vn]) for n > 1, so that m,(u,v) is
piecewise constant in v, and define the process

X" = Bap (13)

where A} is the strictly increasing continuous inverse of

Tm At t

" = / m(Bs,m)ds + / My (Bs, B,)ds

0 Tm At
for 0 < ¢ < 19. Note that X; = X* for 0 <t < H,,, because the m dependence in o is “frozen” until X sets a new
minimum below m.
Proposition 5.1 Let H' = inf{s : X' = b} and Hy, = inf{s : X, = b} as before for b € (0,m). Then H]' — H} a.s.

and Xinm, = Xippp — 0 a.s.

Proof. Without loss of generality, we assume that x = m, otherwise we just start from time H,, instead of time zero.
From the time-change construction in the proof of Theorem 2.2, we know that B; = X7, and B;, = X, so we have

Tb
H, = / m(Bs, B,)ds
0
and similarly
Tb
/ it (Ba, B, )ds
0

Using the uniform continuity of m(u,v) on {(u,v) : § < v < u < R} for any R € (1,00), and the fact that
SUPg<s<r, Bs(w) < 00 a.s., we know that for any € > 0 there exists a N = N(w) such that for all n > N(w) we have

= |/ [m(Bs, B,) — m(Bs, [ﬁg])]ds\ < em



and 7, < oo Py a.s., so Hy, — HJ a.s. Now, let Mmin(w) = info<s<s, M(Bs(w), By(w)) < oo a.s. By the definition of
the inverse processes A; and A}, we have

ANy
INH, = / W(By, B)ds > (Au A7) (@), (14)
0

tAHP

A;‘/\‘rb
/ i (Bo, B.)ds (15)
0

We first consider the case when A; A7, < A} A7, (the other case is dealt with similarly). We know that
SUPg<s<rna, Bs < 00 a.s. Subtracting (15) from (14), and again using the uniform continuity of m in m, we see
that

AL ATy AP ATy
ENH, — tAH) — / 1R(B., B,) — in(By, B.)]ds — / i (Bs, B.)ds
0 AL ATy
< (A ATy) — Mmin(W) (AP ATy — As ATp)
e(tNHP) . n
S m — mmin(W)(At A Ty — At A Tb) 5

where we have used the inequality in (14) for the final line. Re-arranging, we find that
e(tNHY)

0 < mmin(A? ATy — At A Tb) <
Mmin

— (tANHy—tANHY)

a.s. But we have already shown that H]' — H, a.s, so the right hand side can be made arbitrarily small, and thus
A} N1y — Ay ATy, a.s. We proceed similarly for the case A} A7, < Ay A 7. Then

n
Xt/\Hb - Xt/\HgL = BAt/\Tb - BA;L/\Tb . (16)
and B is continuous, so
Xt/\Hb _XZL/\HZ: — 0

a.s. as required. m
5.2 The occupation time formula

Let (I¥) denote the local time process for B in (5) at the level x.

Theorem 5.2 Let t = m, 0 < § < = and f : R?2 — R* be a bounded, continuous function. Then we have the
occupation time formula

HsNt fe%e]
[ rxxgas = 3 [ femymemin e as (17)
0 S<m<g Y™
where [ = fot 1B, cmydly =17, — 17 >0 is the local time that B spends at x when the minimum is exvactly m, and
the sum is taken over the (a.s. countable) m-values where B makes a non-zero upward excursion from a minimum at
4
m.

Proof. See Appendix A. m

Remark 5.1 Theorem 5.2 is clearly more involved than the standard occcupation time formula. However, it can be
used to show that [ [ m(u,v)dvdu < oo implies that

Px7m(H()<OO) = 1,

which combined with Theorem 4.1 shows that P(Hy < o0) is either one or zero depending on the finiteness of
Js Jo m(u, v)dvdu (we defer the details for future work).

4we know these m-values are a.s. countable from standard excursion theory for Brownian motion, see e.g. Chapter XII, section 2 in
[RY99].



6 Transition densities
6.1 Existence of a joint transition density for (X;, X))
Theorem 6.1 Define the function

for all y >y, and assume that

e G(y,y) possesses bounded continuous partial derivatives of all orders up to and including 2;
o Jo Jo m(u,v)dvdu = oo so P(Hy < 00) = 0.
Then under Py 5, (X, X,) defined in (2) admits a joint density p,(x',z').

Remark 6.1 Note that under P, ,, with £ > m, there is a non-zero probability that X, = m A info<,<; Xg = m, i.e.
the law of X, has an atom at m.

Proof. Let Y;:=log X;, Y, :=log X,, which are well defined because X cannot hit zero in finite time a.s. We notice
that Yy =Y. Using Ito’s lemma we have

1
Y, = (Y, Y,)dW, - 56*(Y;, Y, )dt.
Let us define
pe = imf{u<t: X, =X,}.

Because the log function is monotonically increasing, we have that p; = inf{u < t : Y, = Y,}. We now make a
transformation of Y to a process with diffusion coefficient equal to one. To this end, we first define

and consider the new processes Z; :=((Y;,Y,) and Z, :=inf,<; Z,, then Zy = 5(Yy,Y,) = 0. Notice that for all ¢,

Y,
¢ du
Zy = Y, Y = Y _— > Y
=B = )+ [ 2 )
and from this we see that
Z, = infZ, > n,). (18)

s<t

It turns out that we have equality in (18), since at time p; < ¢ we have Y,, =Y. Using the monotonicity of n(-), (-, ),
we have

Xt = n_l(gt)a (]‘9)
Y: = ﬂil(Ztanil(Zt))a (20)
pe = mf{u<t: Z,=21,

where 371(-,y) is the inverse of function (-, y).
Since 3 is at least C2, using Itd’s lemma we obtain that

1
dZt = th — 5[5’()@,5/ ) + O'y()/t, )]dt = th + b(Zt,Zt)dt



where b(z,z) = —1[6(87 (2,17 (2)), 17 (2)) + G, (B~ (2,17 (2)),n~(2))]. Inlight of (19) and (20), it suffices to show
that (Z;, Z,) has a density function.

We now mimic the proof of [Rog85], and consider a new measure P defined by

dp
dP

t t
= ool [ Wz.2)iz. - 5 [ ¥(2.2.)ds),
0 0

T

By Girsanov’s theorem, the process (Z;) is a standard Brownian motion under measure P. Now define the C? function

h(z,z) = / b(u, z)du + /7b(u, u)du .
z 0
Using Ito’s lemma we have
(70 Z) = W 2%+ 320, Z,)i,

from which we obtain that (notice that h(Zy, Z,) = h(0,0) = 0))
1 t t
h(Zt,Zt)*i/ b.(Zs,Z,)ds = / b(Zs, Z,)dZs.
0 0

Now for any bounded bi-variate continuous function f, we have
E(f(Z02,) = E(f(Z,Z,)e"Ora0ms o 2ot)

where g = b? + b,. Conditioning on (Z;, Z,) = (2, z) for z > 2, z < 0, we obtain

0 0o
E(f(Z,2,) = / / F(2.2) - du(z,2) "2 Be2 o 920200 7, = 2. 7, = 2) dzdz

where ¢;(z, z) is the joint density of the standard Brownian motion (Z;) and its minimum Z,. Thus, the pair (Z;, Z,)
has a joint density

pPi(zz) = iz z) D R(emd o900 | 7, = 5 7, = 2). (21)
It follows that the pair (Y;,Y,) = (logX:,logX,) has joint density
7,2
Y,Y 7.2 0B on ;= (B, y),n(y))
P (wy) = =By )i n(y)) = - (22)

dy dy (v, )5 (y.y)
]
Remark 6.2 For a stock price model of the form in (7), the existence of a semi-closed form density for (X, X,) as

proved above allows us to price general barrier option contracts with payoffs of the form (X, X,) for a measurable
function ¢.

6.2 Characterizing the joint density in terms of Bessel-3 bridges

From (21) and (22), it is seen that the regularity of the joint density of pf’x(

following function )y :

y,y) depends on that of h in (21) and the

wt(z7§) — E(e_% fot Q(stgs)ds | Zt — Z»Zt — é) (23)

The function v, depends on the law of a standard Brownian motion (Zs)o<s<: given Z;, and Z,. To this end, let us
condition on (Z;, Zy, pt) = (2, 2,u). (Z¢, Z,, pt) has a smooth density given by

xt(z,z,u) = 2f(z,u)f(z — 2t —u)

—2(2—2) -f-%=

Tus (t—u)2



where f(y,t) = \/%e_yz/% is the hitting time density from 0 to y for standard Brownian motion (see e.g. [Imh84]).

Moreover, given (Z;, Z;, pt) = (z, z, u), the path fragments

(Zufs - é)OSsSu and (Zu+s - Z)Ogsgtfu

are two independent Brownian meanders of lengths u and ¢ — u, starting at 0 and conditioned to end at —z > 0 and
z — z > 0 respectively (see e.g. [BCP99]). A Brownian meander of length s is defined as the re-scaled portion of a
Brownian path following the last passage time at zero Gy = sup{s < 1: B, = 0}:

NE

By = Nig=ren |Bai+x-cy)l (0<u<s)
(see page 63 in [BorSal02]). It is known that the law of a Brownian meander of length s is identical to that of a
standard Brownian motion starting at zero and conditioned to be positive for ¢t € [0, s] (see e.g. [DIM77]). Moreover,

the tied-down Brownian meander, i.e. the Brownian meander conditioned so that B*® = x > 0 has the same law as a
3-dimensional Bessel bridge RP" with RE" = 0 and RY* = z (see e.g. [Imh84], [BCP03]).

Hence, the path fragments (Z,—s — 2)o<s<u a0d (Zy+s — 2)o<s<t—u can be identified with two independent Bessel-3
bridges, starting at 0, ending at —g > 0 and z — z > 0, respectively (see [BCP99], [Will74]). Thus, as in [Pau87], we
have

ki(z,z,u) = E(efé Jo'9(ZsZ.)ds| 7, — 2,0, =z, pt = u) 'E(‘if%ﬁ 9 Za2)ds\ 7 — 5 7, = 2, py = u)

= E(e_% I 92aZ)ds\ 7, = 5 Z, = 2, pr = ) ']E(e_%f“tﬂ 9 Zi-s2)ds| 7 — 5 7, = 2, pr = )

and we can re-write the last expectation in terms of the two aforementioned independent Bessel 3 bridges if we wish.
It follows that

¢t(2,§) = ]E( fo 9(Zs,Z )dS|Z =z, Z _Z)

= ki(z, 2, u)P(pr €du| Zy = 2, Z, = z) du
0

xt(z, z,u) "
/()nt(z,g,u)7¢t(z7g) du .

7 A generalized forward Kolmogorov equation

In this section we assume that m = z = 2y so Xg = X; = x9 > 0 and we use E as shorthand for E,, ,,. We further
assume that [ [;" m(u, v)dvdu = 00 so Py ,(Hy < 00) = 0, i.e. X cannot hit zero a.s. and for simplicity we assume
that o is bounded °. Let O = {(z,y) € RT x RT : z > y} denote the support of (X, X,).

Theorem 7.1 (X, X,) satisfies the following forward equation

7]
ot

for all test functions f € C’g’l’l((? x RT) satisfying f,(y,y,t) = 0.

(f(XfaXv )) = ]E(ft(Xthtvt) + %f-’ﬂm(Xtvltvt)g(Xtvlt)z) (24)

Proof. See Appendix B. m

Remark 7.1 If f € C°(O x RT)S, re-writing (24) in terms of integrals and integrating from ¢ = 0 to oo and using
that f(t, Xt, X,) = 0 a.s. for ¢ sufficiently large, we see that p(t,dz,dy) = P(X; € dx, X, € dy) satisfies

= 1
/tzo/o(ftJriﬂ(xay)Qfxx)p(t,dey)dt — 0 o

5We can easily relax this assumption by working in log space as in the previous section, but in the interests of clarity and succinctness,
we do not do this here
6C° means smooth with compact support.
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Remark 7.2 If p(t,dz, dy) admits a density so that p(¢,dz, dy) = p(t,z,y)dzdy and p and o are twice continuously
differentiable in 2 and p is once differentiable in ¢, then integrating (25) by parts we have

| s bows o Gotey P dedyar = o
t=0JO

and thus (by the arbitraryness of f), p(t,z,y) is a classical solution to the family of forward Kolmogorov equations:

op = 8595(%0(96711)217) (x #y)

for all y < z (see page 252 in [RW87], Theorem 3.2.6 in [SV79] and [Fig08] for similar results and weak formulations
for a standard diffusion process).

7.1 A forward equation for down-and-out call options

Proposition 7.2 Assume k>0, 0 < b < x9. Then
1
E((X: — k) 1x,50) — (Xo— k)" = §]E(LfAHb) - (b—k)TP(X, <D), (26)
where LY is the semimartingale local time of X at a as defined in e.g. Theorem 3.7.1 in [KS91] and Hy, = inf{s : X, =

y}, subject to the following boundary condition at x = y:

]E((Xt*b)+1§t>b) = E((Xt*b)1£t>b) = l’o*b. (27)

Remark 7.3 (26) is a forward equation for a down-and-out call option on X; with strike x, which knocks out if X
hits y before time ¢. Specifically (assuming zero interest rates and dividends) the left hand side is the fair price of the
down-and-out call, and the P(X, < y) term on the right-hand side is the price of a One-Touch option on X, which
pays 1 if X hits y before ¢.

Remark 7.4 (27) is the same condition that appears in [Rogl2], and if X, has no atom at y, we can differentiate (27)
with respect to y to obtain the condition in Theorem 3.1 in [Rog93].

Remark 7.5 The financial interpretation of (27) is the well known result that (for zero dividends and interest rates)
we can semi-statically hedge a down-and-out call option with barrier b equal to the strike k&, by buying one unit of stock
and holding —b dollars, and unwinding the position if/when the barrier is struck (see e.g. Appendix A in [Der95]).

Proof. (of Proposition 7.2). From the generalized It6 formula given in e.g. Theorem 3.7.1 in [KS91], we obtain
1
d(X, — k)t = 1x,-pdX; + idef.

Integrating from time zero to t A H, we obtain
(Xenm, —k)" = (Xo—k)" = (Xp = k) gt + (0= k) ly,< — (Xo— k)7
tAHyp 1 A
= / 1X3>5L‘dXs + iLt/\Hb .
0
Taking expectations and simplifying, we obtain (26).

To obtain the boundary condition in (27), we use the optional sampling theorem for the bounded stopping time
t A Hy to obtain

E(Xiam,) = 20 = E(Xilx,sp) +E(Xg,lg,<¢)
(Xilx,>p) + DP(X, <b)
= E((X: =0)lx,>b) +0E(1x,55) + DE(1x,<p)
= E(X¢;—b)lx,>p) +0
= E((X:—b)T1lx,5s) +b,
where the last equality follows because X; > b on {X, > b}, i.e. if X does not hit b before time t. m

I
=
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A  Proof of Theorem 5.2

(X7) defined in (13) is just a regular one-dimensional diffusion process for ¢ € [Hy,,, H?) for each k = 0... [zon] — 1.
Using the standard occupation time formula for ¢t € [H},,, Hy) for each k (see Theorem 49.1 in [RW8T7]), we have

HY At (kL)
[ neands = [ St 5
2+1
= / Z S, m)mg, (z,m) lzlnmé dx
4 k Si
where f,,(z,m) = f(z, 2[nm]), et = fot 1B, e(apdl? is the local time that B has accrued at x at time ¢ while
B € (a,b], and we are summing over (a.s. countable) m-values in (£, 2] for which there is a non-zero upward

excursion from a minimum at m.

Summing over k until time ¢ A H§ and taking the finite sum inside the integral on the right hand side, we obtain

t
/ f(X&K?) 13<H§d$

.L()Tl

Z / Z fn(z,m) My (z,m) lAff;\Téd:n

k< <k+1

/6 [ Z fa(@,m) mu (z,m) U0, ] do

d<m<z

SUPp<s<r
/ o Z fa(@,m) mu (z,m) 57, ] dx (A-1)
5

d<m<x

tAHY
/ (X7 X")ds
0

For the left hand integral, from Proposition 5.1, we know that Hf — H; a.s. and X?/\Hg — XiaH, a.s., SO

FOXE, X9) Licnp — f(Xs, X;) Lscn; Lebesgue ae. on [0,¢], a.s. Thus, by the dominated convergence theorem,
we have [} Lo<prp f(XT, X)ds — fglngéf(Xs,gs)d = oM F(X,, X,)ds aus.

For the integrand on the right hand side, we have the upper bound

ol m)my, (2, m) 3 < fumax Mmax (0, w) Gnpr, < 00 aus.
t ATS t AT
d<m<z

where Mmax(0,w) = supg<s<,, M(Bs, B) < 0o a.s. Thus, letting n — oo on both sides of (A-1), and applying the
dominated convergence theorem on the right hand side as well, and then applying Fubini’s theorem, we obtain (17).
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B Proof of Theorem 7.1

Let 0y = 0(X¢,X,). X and X, are continuous semimartingales, so we can apply Itd’s formula to the test function
f eyt (O xRY):
1
df(Xhltat) = f’L‘(Xhlt;t)dXt + §f’tx(XtaXt7t)o—t2dt + fy(&tazwt)dlta
1
= fm(Xtagtyt)dXt + §f1z(XtaXtat)o-t2dt (B_]-)

where we have used that X; = X, on the growth set of X, in the final term” (recall that ¢, (y,y,t) = 0). Integrating
we obtain

t t
1
f(anXt?t) - f(x07x070) = / fl?(XS7KS7S>dXS + / §fww(XS7X3aS)U?dS
0 0

Taking expectations, and applying Fubini’s theorem yields

t
BUXX0t) = S@00.0) = [ 5E(u(Xo X 9)odds. (5-2)

X; and X, are continuous in ¢ a.s. and o(.,.) is continuous, so o; = o(X;, X,,t) is also continuous in ¢ a.s. Moreover,

f e 5o fuul(.,.) is bounded and continuous, and fue(Xu, X, u)02 = for(Xs, X,,8)02 as. as u — 5. o is also
bounded, thus from the dominated convergence theorem we have

IE}D E(fxm(Xu7Xu7u)o—i) = E(fxx(XmeuS)o—g)a

so the integrand E(f,.(Xs, X, s)o?) in (B-2) is continuous in s for all s. Thus using the fundamental theorem of

calculus, we can differentiate (B-2) everywhere with respect to ¢ to get

DB X0 0) = BUMX X0 1)+ g far(Xe X 00(X0 X))

"By growth set, we mean the support of the random measure induced by the process Y on [0, T], i.e. the complement of the largest open
set of zero measure.
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