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Abstract

We apply a Sinkhorn scheme to the problem of constructing an admissible joint law for X7 and the supremum
St of a continuous martingale X, given target laws p, v for X7, Sp. This corresponds to fitting European and
One-Touch prices at all strikes and barrier levels at maturity 7T'. v necessarily lies between the classical Azéma-
Yor and Perkins bounds, but we show this condition is not sufficient with a simple counterexample. After
each Sinkhorn cycle, the law of St and the Rogers[Rog93] condition are satisfied exactly, and the Xr-marginal
converges to p (under a finite-entropy feasibility assumption) at rate 1/4/n in the total variation metric. This
can also be solved as an optimal transport linprog problem as in [DR15] where we compute the max or min
price of a non-tradable option given tradable options, but the latter typically leads to a sparse joint law which
may be less realistic from a financial standpoint. We show that a (transformed) left-curtain coupling gives an
explicit solution to the problem under additional restrictions on v, and we compute extremal prices for barrier
options with supermodular payoffs when the continuity assumption on X is dropped.

1 Background
In the seminal work of [Rog93|, the following fundamental result is established B

Theorem 1.1 (c¢f. Theorem 8.1 and Lemma 2.3 in [Rog93]; see also Theorem 8.1 in [DRI5]). Fix a T > 0
and xg € R. A probability measure m on {(s,z) : —oo < x < s, § > xg} is the joint law of (St, Xr) (where Sy =
SUPg<y <t Xu) for some continuous martingale X with Xo = xo if and only if [ |z|7(ds,dz) < oo, [zn(ds,dx) = xo,
limg_so0 aFl,(a) =0 and

n(ds) = sv(ds) — F,(s)ds (as measures on (g, 00)), (1)
<, 7(ds,dx), n(ds) = [ _ xw(ds,dz), and F,(s) = v((s,00)).

Eq has the physical interpretation:

where v(ds) = [

x

IP(ST > b)db = ]E((ST — XT)lsredb) = E((b — XT)lSTedb) (2)

and we give a sketch proof of the sufficiency part of the [Rog93] proof in Appendix |§| which uses basic excursion
theory.

In Eq 3.8 in [DRI5], the characterisation in Theorem is re-stated in the more intuitive integrated form: for
7 supported on {z < s, s > xo} with [ |z|7(ds,dz) < oo,

/ (x —a)m(ds,dz) =0 for all a > zo, (3)
{s>a}

ie. E(Xr—a; St > a) =0 for all a > x, which is clearly a necessary condition from the optional stopping theorem.

The integrability condition [ |z|n(ds,dz) < oo (¥) is a standing hypothesis in both formulations: it is the first
condition of Theorem and it is what makes n and the integral in well defined. Under (*), Eq (which
in terms of n and v reads n([a,0)) = av([a,>0)) for all a > z) is equivalent to the remaining three conditions of
Theorem namely [ zn(ds,dz) = x¢, limg_, o0 aF,(a) =0 and :

(i) At a = o, (3) is the mean condition, since 7 is supported on s > x.

(ii) For a > 0, 0 < aF,(a) < av([a,00)) = n([a,00)) = [ 21454y 7(ds,dz). The integrand is dominated by |z|,
which is m-integrable by the standing hypothesis, and it tends to zero pointwise as a — oo since St < oo;
hence lim,_, o, aF,(a) = 0 by dominated convergence.
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1See also Remark (i) after Theorem 3.1 in [Rog93|]. The results in [Rog93| are formulated for uniformly integrable (UI) martingales
on [0,00) and their terminal value Ms,. They apply here because a martingale X on [0,T], extended by X; = Xp for t > T, is a Ul
martingale on [0, 00) with Xoo = X7 and sup,sq X¢ = S7, and conversely a Ul continuous martingale can be time-changed onto [0, T
without altering its terminal value or its supremum. Theorem is thus a restatement of Theorem 3.1 and Lemma 2.3 in [Rog93]|,
together with Remark (i) there for zg # 0.
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(iii) For (T)), we differentiate n([a,00)) = av([a,00)) in @ in the sense of measures to get:
—n(da) = dg [av([a,o0))] = v([a,0)) da — av(da) = F,(a) da — av(da) on (zg,o0),

which is . Conversely, integrating over [a, 00) recovers for a > xp, and the tail condition makes the
boundary term at infinity vanish, and at a = xy the mean condition supplies the atom n({zo}) = zov({zo}).

Thus, given integrability, contains the mean and tail conditions automatically, whereas the local form on its
own does not, as Example [I.1] shows; it is nevertheless the local form that the Sinkhorn scheme below is built on.

Example 1.1 (Brownian motion stopped at a lower barrier) (see Remark (ii) after Theorem 3.1 of [Rog,%’/ﬂ.
Let B be a standard Brownian motion with By =0, let 7 = inf{t > 0: By = —1}, and let X; = Binr. Then X is a

continuous local martingale with Xoo = —1 almost surely, and its supremum S = sup;>q Xt has law v(ds) = (1_‘?_55)2
50 F,(s) = v((s,00)) = ﬁ The joint law of (S, Xoo) satisfies the local Rogers condition on (0,00), but X is

not uniformly integrable: B(Xoo) = —1 # 0 and sF,(s) — 1 as s — oo.

Proof. For s > 0, the event {S > s} is the event that B reaches s before —1, which has probability 1/(1 + s)
(the gambler’s ruin probability, obtained by applying the optional stopping theorem to B stopped at the first exit
from (—1,s)); this gives F, and, on differentiating, the density v(s) = (1 + s)72. Since X,, = —1 on every path,
the measure 7(ds) = [ aw(ds,dz) is n(ds) = —v(ds). Hence, for s > 0,

s 1 s—(1+4s) 1
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so n(ds) = sv(ds) — F,(s)ds on (0,00), which is Eq (I). On the other hand EXo = —1 # Xj, so X is not a Ul
martingale, and correspondingly sF,(s) = s/(1 + s) — 1 # 0, so the tail condition of Theorem fails. m
2 Outline of problem

Our aim is to construct a continuous martingale X with prescribed marginals g and v for X and Sp. We refer to
as the local Rogers condition, and this condition will form the basis of the Sinkhorn scheme below.

Based on Theorem we impose the following natural conditions:

Assumption 2.1 [ |z|u(dz) < oo, [zp(dz) = zo and lim,_, aF,(a) = 0, and v lies between the Perkins and
Azéma-Yor (AY) model-independent bounds, i.e.

} < w(Boo) < it SeE) (1)

sup{u([B,oo))—i—M < Jnf S—e

K<B B-K

E|f0r all B > xg, where C,(K) = [(z — K)*pu(dz) and P,(K) = [(K — z)*u(dz) denote the call and put pricing
functions.

Lemma 2.2 (Convez-order necessary condition). Suppose an admissible joint law m of (St, Xr) exists, and let
n(ds) = [ . xw(ds,dx). Then:

(i) n < v, so that b := dn/dv is well defined v-almost everywhere and B(Xr|St) = b(St); if v has a density,
b(s) =s—F,(s)/v(s).

(it) p =ex vo b1, that is, [¢dp > [ ¢(b(s))v(ds) for all convex ¢ : R — R, where v o b~ is the law of b(St).

Proof.

(i) For any Borel set A with v(A) = 0 we have 7(A x R) = P(Sy € A) = 0, hence n(4) = E(Xrl{s,ecay) = 0;
this uses E|X7| < oo. Thus n < v, and the Radon—Nikodym derivative b = dn/dv exists. By definition of 7,
Jibdv =n(A) = ]E(XTl{sTeA}) for every Borel A, which is the statement E(X7 | St) = b(S7). When v has a
density, the local Rogers condition gives n(ds) = (sv(s) — F,(s))ds and hence the formula for b.

(ii) For convex ¢, the tower property and the conditional Jensen inequality give

/(bdu =E¢(Xr) =E[E(¢(X7)|S7)] > EG(E(XT|Sr)) =EH(b(ST)) = /(b(b(S))V(dS)-

| |

2See Theorem 4.1 in [Rog93| for another interesting related result

3the bounds are sharp here, and attained by the Perkins and Azéma-Yor Skorokhod embeddings respectively, see the original papers
[AY79],[Per86] or [ObI04],[Cox04],[Hobll] for details. See also [BHRO1] and [HOSTI6| for the two (and n)-maturity extensions of
Azéma-Yor, or [BBBL26|, [HLMPT26| for more recent developments on Schrédinger bridges and Bass/Follmer martingales.




Proposition 2.3 (Sufficiency when b is increasing) Suppose Assumption m holds, that v has a density v €

C* with v > 0 on the interior of its support, and that s — 1/F,(s) is strictly convex there. Thenb(s) = s—F,(s)/v(s)

is strictly increasing there. Toisee this, recall Flﬁ —v. First, dds Fl(s) = gvl(f))Q = p{((i)w S0 1/F,, is strictly
conver if and only if s — v(s)/F,(s)? is strictly increasing, in which case (taking logs) its derivative is non-negative

and vanishes on no interval:
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Second, by the quotient rule,

/ v F,(s)V(s
=1 v(s)? = v(s)? :2+(V()52().

Multiplying by v(s)/F,(s) > 0, V'(s) has the sign of ?’E‘:) + l;/((;)), the quantity just obtained. Hence b > 0, with

b > 0 outside a set with empty interior, so b is strictly increasing. Let Z = b(St) and let vz be its law.

(i) If p =cx vz, then there exists a martingale coupling m(dz, dz) = vz(dz)m,(dx) of vz and p, i.e. [ am,(dz) =
z for vz-almost every z. For any such m, the joint law

n(ds, dx) = v(ds) my(s)(dr)

of (S, Xr) — draw St ~ v and then Xt from the kernel of m at the point z = b(St) — has marginals v and
w and satisfies the local Rogers condition ; 7 is admissible if and only if m, is supported on (—oo,b™1(2)]
for vz-almost every z.

(ii) Suppose in addition that u has a density, that the pair (vz,u) satisfies the regularity conditions of [HLT16]
(Assumptions 3.8 and 3.6 there), and that the left-curtain coupling of (vz, 1) has no identity part, i.e. my = xg
in the construction of [HLT16]; this holds for instance when the density of vz exceeds that of 1 on a right-
neighbourhood of zo = b(xo), as in Example (2.1 If the left-curtain coupling, whose branches x_(s) < x(s)
are determined by

[ 1R, [ = [

—(s) —(s) 0

satisfies x4 (s) < s for v-almost every s, then (u,v) is admissible, an admissible law being

b(s) —xz_(s

m(dels) = a(s)du, ) + (1= a() 60_o)y  als) = M
Proof.
(i) Since b is strictly increasing on the support of v, Sy and Z = b(Sr) generate the same o-algebra, so the local
Rogers condition can be rewritten as E(X7|Sr) = b(Sr) < E(Xr|Z) = Z, i.e. a joint law of (St, Xr) with
marginals v and p satisfies the local Rogers condition if and only if the law of (Z, Xr) is a martingale coupling of
vy and p. By Strassen’s theorem, such a martingale coupling m exists if and only if pu = vz.

Given such an m, let © be the law of (S, Xr) when (Z, Xr) ~ m and St = b~1(2), ie. 7(ds,dx) =
v(ds) my(s)(dx). By the equivalence above, m has marginals v and p and satisfies the local Rogers condition,
and the remaining conditions of T heorem (which concern only the marginals) hold by Assumption Hence 7
is admissible if and only if it also satisfies the support condition x < s, i.e. if and only if my,) charges only (—oo0, s]
for v-almost every s, which is the stated condition on m, with z = b(s).

(ii) By [BJ16], under p = vz the left-curtain coupling of (vz, u) exists and by [HLT16] it is the two-point kernel
m; = qor,(z) + (1 —q) 0,02), ¢ = (2 = Ta(2))/(Tu(z) — T4(z)), whose branches Ty(z) < z < T, (z) are characterised
by the two identities

Tu(z) P
w([Ta(2), Tu(2)]) = vz((b(xo), 2]), / zp(dr) = / #'vz(d).
Ta(z) b(zo)
Substituting z=0b(s), z+(s) = Tya(b(s)), and using vz ((b(zo), b(s)]) = v((zo, s]) = 1—F,(s) and fb( 2'vg(dZ') =
f b(u)v(u)du, these are the two displayed equations in the statement. m

Example 2.1 (An explicit family) Let u ~ U(—1,1), so xg = 0, and let v have tail F,(s) = (1 — s)(1 — 0s) on

[0,1] with 0 < 0 < %, so that v(s) =1+ 0 —20s. Then F, lies between the Azéma-Yor bound 1 — s and the Perkins
bound 1—+/s, and touches the latter only in its slope at s = 1 when 6 = 3. Sincelog(1/F,) = —log(1—s)—log(1—0s)

is conver, 1/F, is strictly convex and, by Propositz'on b(s) =s— (11_3(%2_928) is strictly increasing, from b(0) =



—1/(1 +0) to b(1) = 1. All the quantities in Proposition are then explicit. Since p has density %, the two
equations for the branches read (x4 —z_) =1— F,(s) and 1 (2% —22) = Jy b(u)v(u)du.

The branches are monotone, x_ decreasing from b(0) to —1 and x4 increasing from b(0) to 1, and the support
condition x4 (s) < s reduces to 20s + 0%s(1 — s) < 1, whose left-hand side is increasing in s and equals 20 at

s = 1: it holds on all of [0,1] precisely when 6 < . Hence for every 0 € (0,3%] the two-point law w(dz|s) =

q(8)04, (s) + (1 = q(8))ds_(s) is an eaplicit admissible joint law of (ST, Xr), and the pair (j1,v) is admissible. The

threshold 6 = % is the same as the one at which F, ceases to dominate the Perkins bound at s = 1.
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Figure 1: On the left we check the convex order condition for Example [2.1] by pricing call options on Z for a range
of strike values K (solid grey) and X (blue), and in the middle we see the upper and lower branches T, (z) (blue)
and Ty(z) (solid grey) for the left curtain coupling, and on the right we see the corresponding z(s) (blue) and
x_(s) (solid grey), and we (correctly) see that z(s) < s.

As alluded to in the abstract, the following counterexample shows that v being a probability measure and lying
between the Perkins and Azéma-Yor bounds is not a sufficient condition for an admissible joint law to exist.

Counterexample 2.1 Let u~ U(—1,1), so g =0, and let v be the law on (0,1) with tail cdf
F(s)=1—s5—1s(1-5)° 0<s<Ll.

The Azéma—Yor and Perkins bounds for p are 1 —s and 1 — \/s respectively, and 1 — /s < F,(s) <1—5 on (0,1),
so v satisfies Assumption but there is mo continuous martingale X with Xp ~ p and St ~ v.

Proof. Suppose such a martingale exists, and let m be the joint law of (S, X7). By Theorem 7 satisfies
[): n(ds) = sv(ds) — F,(s)ds on (0,00), where n(ds) = [, _ xw(ds,dz). Since X7 > —1 almost surely, n(ds) >
— | 1c,<.7(ds,dx) = —v(ds). Substituting the expression for 1 from Eq into the left-hand side, this reads

sv(ds) — F,(s)ds > —v(ds), i.e.
)ds on (0,1),

(1+s)v(ds) > F,(s
(0,1). But this inequality is violated for v(s) = —F!(s) =

so (1+ s)v(s) > F,(s) for Lebesgue almost every s €

1+ I(1—s)%(1—6s) on a neighbourhood of s = 1. m

Motivated by financial applications, we henceforth assume p only has support on the positive real line. If X
is an asset price and interest rates and dividends are zero, p can be inferred from European option prices at all
strikes via the Breeden-Litzenberger formula (using e.g. an SVI smile interpolation in practice as in Figure 7), and
we can interpret v([B, 00)) to be the price of a One-Touch option on X with barrier level B > X. Barrier options
are most actively traded in FX options and are predominantly over-the-counter instruments.

2.1 Sinkhorn Integral equations
We henceforth further assume that u, v have densities with respect to the Lebesgue measure, and set
r(s) = sv(s) — F,(s)

i.e. the density on the right-hand side of .

Let p(s,z) be a candidate joint density for (S, X). Based on the E(X7lg,eqp) term in and the entropic

optimal transport literature, we make the exponential ansatz:
Pls, ) = R(s, )T+

where R is a reference density (see Assumption for conditions on R). Then the X-marginal condition is

w(x) = e“(z)/ R(s, ) TAE) g



which we can rearrange as
oo
u(w) = log () ~ logl [ Rls.2)e" I )as) (5)

if the integral term lies in (0, 00) (this will be addressed in Lemma |C.1)). Similarly, the S-marginal condition is
v(s) = e”(s)/ R(s, z)e @A)z gy
0
and the local Rogers condition in is

r(s) = e”(s)/ zR(s, 2)e @A gy
0

Dividing by the S-marginal equation then gives

IN xR(s z)e (@A) gy
fO S IZ? eu (2)+A(S)z

= b(s) = 22 ©)

where b(s) is defined for v-almost every s. Under suitable technical conditions (see Lemma for details), A(s)
can be computed from @ as a one-dimensional root-finding exercise. The S-marginal equation gives

o(s) = log (s) — log( /0 " R(s, ) @A ). (7)

Hence we see that (), (€) and (7)) are the three coupled equations for u, A and v. See [Guy20] and [For26] for a
similar approach to the SPX-VIX and FX cross-smile calibration problems respectively.

2.2 The Sinkhorn scheme

The coupled equations above suggest the following iterative scheme. Set ug = vg = Ag = 0. Given (uy, vy, Ay ), first
set

Uni1(x) = log p(x) — log( / R(s, @)ern (13512 ) (8)
This enforces the X-marginal exactly. Next, choose A,11(s) as the solution of

fos xR S $)€u7b+l($)+>\n+1(s)zdx

fO s l’ eu7z+1($)+/\1L+1(S)mdx

= b(s). 9)

This is a scalar root- ﬁnding problem in A for each s; existence and uniqueness of the root for v-almost every s are
established in Lemma [2.5] Finally set

Un+1(8) =loguv(s) — log(/O R(s, z)etnt1@+Ant1 ()T ggy (10)

The next u-update restores the X-marginal, which is the only constraint disturbed by the completed (A, v)
update. In practice, one iteration therefore consists of an explicit u-update, one scalar root-find for A, 11(s) for
v-almost every s, and an explicit v-update.

Definition 2.1 A probability measure on {(s,x) : —oco < z < s < 00, s > xo} is called admissible if it has
X -marginal p, S-marginal v, and satisfies the conditions in Theorem[1.1]

For probability measures P and Q we write H(P|Q) = [log jp dP if P < @ and H(P|Q) = 400 otherwise.
The integral is well defined in [0, co]: writing p = dP/dQ, [(logp)~ dP = [ p(log p)~ dQ < 1/e, since plogp > —1/e
for p > 0, and H(P|Q) > 0 by Jensen’s inequality. E|

From here on we make the following further assumption:

Assumption 2.4 y = 0 outside 0 < x < K, v = 0 outside Xg < s < K for some K < oo EL and p(x) > 0 for
Lebesgue almost every x € (0, K) and v(s) > 0 for Lebesgue almost every s € (Xo, K). The reference density R is
a probability density supported on

s > Xo, O<x<s

with R(s,x) > 0 for every s > Xy and Lebesgue almost every x € (0,s). Finally, there exists an admissible
probability density p* such that H(p*|R) < 0.

4The same bound justifies computing H(P|Q) as a double integral computed one variable at a time whenever P and @ are given by
densities.
5note there is mild overloading of notation here; this K is not the strike price variable K in Assumption



Since H(p*|R) < oo, we have p* < R, s0o 0 < X < S p*-almost surely. Since p* is a density, p*(X = S) = 0.
Hence, using b(s) = E,+(X|S = s), (by the local Rogers condition), we obtain

0<b(s)<s (11)
for v-almost every s.
Remark 2.1 (Reference density for Geometric Brownian motion) A natural choice for the reference den-
sity R is the joint law of (S, Xr) for driftless geometric Brownian motion X; = Xoe?We=o"t/2 Writing V; = log Xy,

a Brownian motion with drift —o2/2 and volatility o started at log Xo, the reflection principle and Girsanov’s the-
orem give the joint density of My = max;<7 Y; and Y7, and the change of variables s = e’ x = €Y then yields

2/0(s,x) Xo (s, x)? T s?
=57 J20 - _7 = log —— 12
Ris,2)= —F== A\ 7 & ( 202T 8 ) ts, @) = log =, (12)

for x > 0 and s > max(z, Xo), and R(s,x) = 0 otherwise. Its S-marginal is

—log(B/Xo) — O'2T/2) Xo . —log(B/Xo) +0°T/2
ovT B oVT

where @ is the standard normal distribution function. Since geometric Brownian motion is a continuous martingale,
R satisfies the local Rogers condition exactly, and it is positive on the interior of its support, as required in
Assumption Note however that R is not supported on s < K, so go = R charges the region {z > K}; this is
why several statements in Section 2 and Appendix C are restricted to n > 1.

FR(B):/BOO/OSR(S,QJ)dxds:tb( ( ), B > X,

Lemma 2.5 Suppose Assumption holds. Let u be measurable and finite Lebesque almost everywhere on (0, K)
and suppose that, for v-almost every s, there exists at least one finite value of A for which 0 < f; R(s,z)e"®)H 2y <
oo. Then for v-almost every s there exists a unique finite \(s) such that

Jg xR(s, z)en@FAE)edy
Jy R(s,z)eu@+A )z dy

Moreover, A admits a measurable version, and for v-almost every s, the integral fos R(s,x)e““””dx 18 positive
and finite for every finite X, and in particular for X = \(s).
Proof. See Appendix A. m

3 Convergence for the Sinkhorn scheme

For the convergence argument, define p; ; (s, ) = R(s, x)eti (@) v () ()2 Thus one complete cycle is ppp. —
Dnt1,nmn — Pntlnn+l — Pntlntlntl, corresponding to the u-update, the A-update and the v-update respec-

tively. By Eq (), (Pn+1.n.n)~ = 1, 80 Pry1nn is a probability density. By Eq (10), (pnt1,n+1,n41)° = v, s0 every
completed iterate is also a probability density. Moreover, Eq @D gives

fos l’pn+1,n+1,n+1(8, l‘)dﬂf
fgs pn+1,n+1,n+1(57 l‘)d$

= b(s).

Since the denominator is v(s) by construction, we see that fos TPn+1,n41,n+41(8, ¢)dx = b(s)v(s) = r(s). Hence every
completed iterate py, ,,,, with n > 1 not only has the correct S-marginal but satisfies the local Rogers condition. The
intermediate density pn41.n,n+1 need not have mass one, so in the entropy calculation below the A- and v-updates
are treated together.

Lemma 3.1 For every n > 0 for which the u-update is well defined,

anrlnn(swr) /J(il')
” _ 14
P (8:2)  (Punn) X (2) (4
and
H(pn+1,n,n|pn,n,n) = H(/J/|(pn,n,n)x) (15)

Proof. Since pyp11.5,n and py ., differ only in the w-potential, ppi1.pnn(S, Z)/Prnn(s, x) = eun+1(@)—un(2)  Ipte-
grating pnn,n(s, ) = R(s, x)etn@FT0n(& 2T over s gives (ppnn)™ (z) = €@ [ R(s,z)ev (T2 50 Bq
can be written as e+1(®) = p(z)e* @ /(p, , »)¥ (), which gives Eq (I4). Hence, since (pn1,n,0)~ = i,
p(x) () X
H(pn+1,n,n|pn,n,n) = //pn+1,n,n(5733) log ———%—~dxds = /N(x) log ———%—~dr = H(ﬂ|(pn,n,n) )7
(Pr.nn) ™ (z) (Pr.nn) ™ (z)

which is Eq . [



Proposition 3.2 Suppose Assumption holds. Then ||(pnnn)™ — pllTv — 0 as n — oo. E|

Proof. By Lemma every step of the scheme is well defined and H (p*|pp,n.n) and H(p*|pnt1,n,n) are finite for
every n > 0. Adding Eqgs (C-1) and (C-2), the term H (p*|pn+1,n,n) cancels and we obtain, for every n > 0,

H(pn+1,n,n|pn,n,n) + H(pn+1,n+1,n+1|pn+1,n,n) = H(p* ‘pn,n,n) - H(p*|pn+1,n+1,n+1)~ (16)

Now sum Eq over n = 0,1,...,N — 1. On the right-hand side the sum telescopes, since the second term for
index n cancels the first term for index n+ 1, leaving only the first term for n = 0 and the second term for n = N —1:

N—-1 N-—1
Z (H(pn+1,n,n|pn,n’n) + H(pn+1,n+1,n+1|pn+1,n’n)) = Z (H(p* |pn,n,n) - H(p* ‘pn+1,n+1,n+1))
n=0 n=0

= H(p*|po,o,0) — H(p"[pn.n.N)
=H(p"|R) - Hp"|lpn ) < HP'|R),
since pg,0,0 = R and entropy is non-negative. Letting N — oo gives

oo

> (Hpusmnlpnnn) + Hpwst st Posinn)) < HE'|R) (17)
n=0

so in particular, H(pn+1,nnlPnnn) — 0. By Lemma H(Pnt1mnlPann) = H|(pann)™). Therefore
H(p1|(pnnn)X) — 0 and Pinsker’s inequality gives ||(pnn.n)~ — plltv — 0. =

3.1 Rate of convergence

H(p"|R)
n

Proposition 3.3 Under the assumptions of Proposition for every n > 1, H((pnnn)X|p) < . Hence

2H(p*|R)
n

| (Prn)™ — 1 < , and (pn.nn)™ — p in total variation at rate O(n='/2).

Proof. Write ¢, = P nn- Since (pn11.n.n)~ = i, the Data Processing inequality (DPI, cf. Lemma 1.6 in [Nutz22])
gives

H(gp 1 11) € H(@ns1|Prst,non)- (18)

From B (@) pus1mn(52)/n(5,2) = p()/gX (@) for 1 > 1, 50 Gu(5,2)/Pas1an(s,7) = 65 (2)/p(z) gu-almost
everywhere, since for n > 1 the density ¢\ is supported in (0, K), where y > 0 almost everywhere. Hence

5, T X(x Xz
H(qn|pn+inn) = /log qu(s,x)dsdx = /log q;(;)) Gn (8, x)dsdx = /log qZ(;)) qff(x)dx = H(qfﬂu)
| (19)

In particular, by Eq with n — 1 in place of n and Eq , H(gn|pnt1nn) = H(gX 1) < H(gn|pnn—1n-1) <
H(p*|R) < oo for n > 1.

For n > 1, both ¢, and g,+; have S-marginal v and conditional mean b(s) by Lemma Moreover, as shown
in the proof of Lemma q = Pn+1,nn satisfies the hypotheses of Lemma with A(s) = A\pt1(s) — A\n(s) and

with ¢ = Pnt1n+1,n41 = gnt1. Hence Lemma with p = q,, gives
H(qn|pn+1,n,n) = H(qn|gn+1) + H(gn+1|Pnt1,n,n)- (20)
By Eq , H(gn+11Pn+1,n.n) < H(qn|Pn+1,n,n). Combining this with Eqs and gives
H gy 11) < H(@nsrlPorinn) < H(@nlpatinn) = H(gy |w).

On the other hand, Eqgs and give

D H(gy ) < H(ans1lpnyinn) < Hp'|R).
n=1

n=0

Since H(g;\ |p) is non-increasing and non-negative, nH (g |1) < >r_, H(qX|n) < H(p*|R), which proves the first

claim. Finally, Pinsker’s inequality gives |¢:X — pl/z1 < /2H (¢ |p) < \/%. ]

6

see section 1.1 in [Nutz22| for the definition of the total variation distance ||.|Tyv here
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Figure 3: Here we have plotted u, v, A for a target law v with cdf v([0, s]) = sP for s € [0, 1] with p = 3/4, with all
other parameters unchanged.
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Figure 4: Here we have plotted u, v, A for a target law v with cdf v([0,s]) =1 — (1 — s)(1 — 6s) for s € [0,1] (see
Example with 8 = 1/4, with all other parameters unchanged.
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Figure 5: Here we have plotted u, v, A for a target law v which is a (%, %) weighting of AY and Perkins with
u~ Exp(1) and R given by with 0 =T =1 . In this case the AY optimal strike in is K*(B) =B —1 and
the Perkins optimal strike is K*(B) = —1+ B — W((Be? — 1 — eP)/e), where W (.) denotes the principal branch

of the Lambert-W function, i.e. the unique solution w > —1 of we™ = z for z > —1/e
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H((pnnn)™ 1) ~ Cn=833 so the O(+) rate reported in Proposition [3.3{may not be sharp (see [CCRW26] for more
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necessary in practice.
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Figure 7: Here we have plotted w, v, A with u given by an SVI fit to the EUR-USD smile here (z-axis is log
moneyness in the smile plot, data taken from https://www.investing.com/currencies/eur-usd-options) with
a (made-up) (%, %) AY-Perkins weighting as above and all other parameters unchanged from the previous plot. The

parameters for the SVI fit are (a, b, o, p, m) = (0.00016844, 0.00805007, 0.01660353, 0.01493316, 0.01824409).

Put Delta | Put Price | Strike | Call Price | Call Delta | Imp. Vol.
—0.10 0.00123 | 1.0888 | 0.03571 0.90 8.29%
—0.25 0.00358 | 1.1073 | 0.01966 0.75 7.37%
—0.35 0.00534 | 1.1148 | 0.01406 0.65 6.97%
—0.50 0.00849 | 1.1235 | 0.00852 0.50 6.56%
—0.65 0.01261 | 1.1314 | 0.00483 0.35 6.22%
—0.75 0.01632 | 1.1369 | 0.00299 0.25 6.05%
—0.90 0.02626 | 1.1490 | 0.00094 0.10 6.01%

Table 1: EUR/USD 1M smile, with spot EUR/USD 1.1220 and expiry 5th Nov 2026.

3.2 Non-continuous martingales and extremal prices for barrier options

If we relax the condition that X is continuous, the upper bound in remains unchanged but the Perkins bound
is replaced by the trivial lower bound PX~*(max(X, Xy) > B), and there is an explicit solution to the problem
addressed in this paper described at the end of page 459 and page 460 in [Rog93] by setting A; = fot Iip, <c-1(s,)1du,
7 = inf{u : A, >t} and M; = By, ar where Sy = supy,,<; By and T = inf{u : B, < b, *(S,)} is the AY stopping
time, so My, = Br = b;l(ST) and M, = ¢ '(S7) for suitable ¢ so M., and M, are linked via the simple
co-monotone coupling, so there is no need for a Sinkhorn scheme in this case unless one seeks a joint density.



Consider a payoff g such that |g(s,z)| < f(s) + h(x) for some f € L'(v) and h € L'(u), so E|g(S, X)| < oo
for every coupling of v and u. Then (by the rearrangement inequality) M maximises E(g(May, Ms)) over all
martingales M with M., ~ p and M., ~ v whenever g is supermodular, i.e. for every z; < xo the increment
s+ g(s,x2) — g(s,21) is non-decreasing in s; this holds for e.g. the up-and-in call payoff g(s, z) = 1{;>p}(z — K)*,
whose increment is 1;,>py((x2 — K)* — (21 — K)*), zero for s < B and a non-negative constant for s > B.

To see this in terms of a superhedge, note that for arbitrary s, z, if a > K,

Lssp(z— K)T < (z—a)t + (a — K)l{s>py

Indeed, if s < B the left-hand side is zero. If s > B, the inequality reduces to (z — K)* < (z —a)* + (a — K),
which follows from (u +v)" <u® +v" withu=2—aand v =0a — K.

For the co-monotone coupling this inequality becomes an equality. Assuming p has a density as above, choose
a so that pu((a,00)) = v((B,o0)). Then under the co-monotone coupling, {x > a} = {s > B}. Suppose first that
a> K.

If s < B, then z < a, so (z—a)* = 0 and both sides are zero. If s > B, thenz > a > K, s0 (z—a)t+(a— K) =
z—a+a—K=x— K= (z— K)*. Hence the superhedge is attained pathwise by the co-monotone coupling.

Finally, if a < K, then for arbitrary s, z, 1{;>p}(z—K)T < (z—K)T, so the European call itself is a superhedge.
Under the co-monotone coupling, whenever (z — K )+ > 0 we have © > K > a, hence x > a and therefore s > B.
Thus 14> p) (7 — K)* = (z — K)*, so the vanilla-call superhedge is again attained pathwise by the co-monotone
coupling.

References

[AY79] Azéma, J. and M.Yor, “Une solution simple au probléme de Skorokhod”, Séminaire de Probabilités XIII,
Lecture Notes in Mathematics 721, Springer, 90-115, 1979.

[BHRO1] Brown, H., Hobson, D., Rogers, L. C. G., “The maximum maximum of a martingale constrained by an
intermediate law”, Probability Theory and Related Fields, 119(4), 558-578, 2001.

[BBBL26] Backhoff,]J., M.Beiglbock, G.Bifronte, A.Ley., “Bridging Classical and Martingale Schrédinger Bridges”,
preprint

[BJ16] Beiglbock, M., Juillet, N.; “On a problem of optimal transport under marginal martingale constraints”,
Annals of Probability, 44(1), 42-106, 2016.

[CCRW26] F.Chen, G.Conforti, Z.Ren and X.Wang, “Convergence of Sinkhorn’s algorithm for entropic martingale
optimal transport problem,” arXiv preprint arXiv:2407.14186, 2026.

[Cox04] Cox, A.M.G., “Skorokhod embeddings: non-centred target distributions, diffusions and minimality”, PhD
thesis, University of Bath, 2004.

[DR15] Duembgen, M., Rogers, L.C.G., “The joint law of the extrema, final value and signature of a stopped
random walk” in In Memoriam Marc Yor — Séminaire de Probabilités XLVII, Lecture Notes in Mathematics
2137, Springer, 321-338, 2015.

[For26] Forde, M., “Solving the FX cross-smiles problem - rate of convergence for Sinkhorn marginals, and the
finite-option case”, Statistics and Probability Letters, 237, 110805, 2026.

[Guy20] Guyon, J., “The Joint S&P 500/VIX Smile Calibration Puzzle Solved”, Risk, April 2020.

[HLT16] Henry-Labordeére, P., Touzi, N., “An explicit martingale version of the one-dimensional Brenier theorem”,
Finance and Stochastics, 20(3), 635-668, 2016.

[HLMPT26] Henry-Labordere, P., Loeper, G., Mazhar, O., Pham, H., Touzi, N., “Bridging Schrodinger and Bass:
a semimartingale optimal transport problem with diffusion control”, preprint, arXiv:2603.27712, 2026.

[HOST16] Henry-Labordere, P., Obldj, J., Spoida, P., Touzi, N., “The maximum maximum of a martingale with
given n marginals”, Annals of Applied Probability, 26(1), 1-44, 2016.

[Hob11] Hobson, D., “The Skorokhod embedding problem and model-independent bounds for option prices”, in
Paris—Princeton Lectures on Mathematical Finance 2010, Lecture Notes in Mathematics 2003, Springer, 267—
318, 2011.

[Nutz22] Nutz, M., “Introduction to Entropic Optimal Transport”, Lecture Notes, 2022.

[ODbl04] Obldj, J., “The Skorokhod embedding problem and its offspring”, Probability Surveys, 1, 321-392, 2004.



[Per86] Perkins, E., “The Cereteli-Davis solution to the H!-embedding problem and an optimal embedding in Brow-
nian motion”, in Seminar on Stochastic Processes, 1985, Progress in Probability and Statistics 12, Birkh&user,
Boston, 172-223, 1986.

[Rog93] Rogers, L.C.G., “The joint law of the maximum and terminal value of a martingale”, Probability Theory
and Related Fields, 95(4), 451-466, 1993.

A Proof of Lemma 2.5

Proof. Fix an s for which the hypothesis of the lemma holds, i.e. for which Z;(\) € (0, 00) for some finite A, where
Zs(\) = fos R(s,z)e*(®)+ 2 dg: by assumption this is the case for v-almost every s. Suppose that, for some finite Ay,

0< Zs(N2) = / R(s, z)e @ 22y < o0,
0

Then, for any other finite A, ,
Zs()\l) = / 6(>\1—)\2)$R(87m)eu(w)-l-)\zzdx.
0

Since z € (0, s), the factor e(*1=*2)% is bounded above and below by strictly positive constants. Hence (by compar-
ison with the previous expression) 0 < Z4(A;) < oo. Therefore Z4(\) is positive and finite for every finite A. Since
z € (0, s), differentiation under the integral sign is justified locally in A by dominated convergence. Moreover

d IS 2 R(s, z)et @+ gy
—log Z,(\) = 22 =:mys(A),
X 0g ( ) fos R(S,$)€U($)+Awd$ m ( )

which is the mean of = under the probability density R(s,z)e*® /7 (X) on (0, s), and (using the quotient rule)
we can easily check that m/()) is the corresponding variance,

2 R(s, )"t

mi(\) = /OS(:E —ms(\)) wa.

By Assumption [2.4] R(s,z) > 0 for Lebesgue almost every = € (0, s). Therefore, since u(z) is finite Lebesgue almost
w(z)+ Az
everywhere, we have % > 0 for Lebesgue almost every x € (0,s). The integrand is strictly positive for
Lebesgue almost every = € (0, s) except the single point & = m4(\). Therefore
mi(A) >0

for every finite A\. Thus m is continuous and strictly increasing. Moreover, since R(s, :v)e“(m) > 0 for Lebesgue
almost every z € (0,s), for every ¢ € (0,s) we have [; R(s,z)e"®dx > 0 and [ _R(s,z)e"@dz > 0. Now fix
A > 0. Since

ZS(A):/O R(s,z)e"® e dr,

S

and the integrand is non-negative, Z;(\) > [7 _ R(s,z)e"®e dx. For z € (s —¢,5), X > X579 50

— Js—

Zs(\) > e’\(sfs)/ R(s,z)e" @ dz.
S—¢€
Also, since r < s, e’ < e**, and hence Z,()\) < e** fos R(s,z)e*®)dz = e** Z,(0). Therefore
6)\(575)/ R(s,z)e"®dz < Z,(\) < e Z,(0).

Taking logarithms and dividing by A gives

log Zs(\)

— 1)<
s—e+o(l) < 3

<s+o(1)
as A — oo. Since € > 0 is arbitrary, limy_, o log Zs(A\)/A = s. Similarly, using fOE R(s,z)e"®dz > 0 and e** > e?*
for x € (0,e) and A < 0, limy,_ w = 0. We now use the following elementary fact: for a differentiable
convex function f on R, the limits limy_, 1o f'(A) exist in [—o00,00] and limy 400 f(A)/A = limy— 100 f/(A). The
function f = log Z; is differentiable with f’ = my, and convex because f”” = m/ > 0 by the variance formula above.
Applying this to f = log Zs; and combining it with the two limits just computed, we obtain

lim mg(A) =0, lim mgs(A) = s.

A——0o0 A—00



Recall from Eq that 0 < b(s) < s, so (by the intermediate value theorem) there exists a unique finite A(s)

satisfyin
e ms(A(s)) = b(s).

Since mg(A) is measurable in s for every fixed A and continuous and strictly increasing in A for v-almost every s,
the unique root A(s) admits a measurable version.

The final assertion of the lemma was established at the start of the proof, where Z,(\) was shown to be positive
and finite for every finite A. m

B The entropy projection onto the S-marginal and Rogers constraints.

The following lemma describes what happens when the (A, v)-update is applied to a probability density ¢: the
resulting density ¢’ satisfies two of the three constraints, namely the S-marginal and the local Rogers conditions,
and for any other density p satisfying these two constraints the relative entropies of p and ¢’ with respect to ¢
are related by the Pythagorean identity H(plq) = H(p|q') + H(¢'|q). In particular ¢’ is the density closest to ¢ in
relative entropy among those satisfying the two constraints.

Lemma B.1 Let D = {(s,z) : s > Xg, 0 < x < s}, and let q be a probability density on D whose S-marginal q°
is positive v-almost everywhere. For a given measurable function \ which is finite v-almost everywhere, define

, z € (0,s], for every s with ¢°(s) > 0,

M)z (s, x)
ar(z[s) = [y eX®vg(s, y)dy

and suppose that \ is such that
/ zqx(z|s) dx = b(s) for v-almost every s. (B-1)
0

Set ¢'(s,x) = v(s)qr(z|s) for s with ¢°(s) > 0 and ¢'(s,x) = 0 otherwise, i.e. ¢ has S-marginal v and conditional
density gx(+|s) given S = s.

Then ¢’ is a probability density on D, and for any probability density p on D with S-marginal v, conditional
mean [; xp(x|s)dx = b(s) for v-almost every s, and H(p|q) < oo, we have H(p|q) = H(pl¢') + H(¢|q)-

Proof. Step 1: properties of ¢'. For v-almost every s, we have ¢”(s) > 0, and integrating the definition of ¢’
over x gives fos ¢ (s,z)dxr = v(s). Hence ¢’ has S-marginal v and is a probability density on D. Its conditional
density given S = s is ¢'(z|s) = e*®)%q(s,x)/ [ eXVq(s,y)dy, so the defining equation for A says precisely
that fos xq' (z|s)dz = b(s) for v-almost every s: ¢’ has the same conditional mean as p. Moreover, dividing by
q(z|s) = q(s,2)/q%(s),

q’(m\s) B qS(S) ek(s)x

= — for v-almost every s, B-2
q(z|s) [y ervg(s,y)dy (B-2)

whose right-hand side is, for v-almost every s, positive and finite for every € (0,s), since ¢%(s) > 0, A(s) is
finite and ¢(s,-) is integrable. Hence ¢'(:|s) and ¢(:|s) vanish on the same set, i.e. they are mutually absolutely
continuous, which we write q(-|s) ~ ¢’(:|s). Taking logarithms, and noting that neither ¢°(s) nor the integral in the
denominator depends on x,

log Z/((z|§)) = A(s)x +c(s), c(s) :=log qS(s) —log /05 e’\(s)yq(s, y)dy, (B-3)

so the log-density ratio is an affine function of z.

Step 2: decomposing relative entropy along S. Let P and @ be probability densities on D with P < @,

and write P(s,z) = P%(s)P(z|s) and Q(s,z) = Q(s)Q(z|s). Then log ggzg = log gzgz; + log ggﬂj; for P-almost

every (s,z), and integrating against P gives
H(PIQ) = H(PIQ) + [ P9 H(P(1s)QUs))ds, (B-4)

Step 3: the identity fibrewise. Applying Eq (B-4) with P = p, Q = ¢ and using H(p|q) < oo, both terms on
the right-hand side are finite; in particular H(p(-|s)|q(-|s)) < oo for v-almost every s. Fix such an s. Since ¢'(:|s)
is equivalent to g(-|s) by Step 1, Lemma 1.4(b) in [Nutz22] gives

¢ (zls)
q(z|s)

H(p(|s)la(-]s)) = H(p(‘[s)lg'(:|s)) + /O log p(x|s)da.



By Eq (B-3)), for any probability density p on (0, s) the integral [; log ‘f]((j‘:))p( )dz = A(s) [y xp(x)dz+c(s) depends
on p only through its mean. Since p(-|s) and ¢’(+|s) both have mean b(s) (by hypothesis and by Step 1 respectively),
the last integral above is unchanged if p(x|s) is replaced by ¢'(x|s), and equals H(¢'(-|s)|q(+|s)). Therefore

H(p(-|s)lq(-|s)) = H(p(|s)|q'(1s)) + H(q'(‘[s)lg(-|s)) ~ for v-almost every s. (B-5)

Step 4: integrating over s. Apply Eq to the three pairs (p,q), (p,q") and (¢, ¢); the absolute continuity
required holds since p < ¢ by hypothesis, ¢’ < ¢ by Step 1, and p < ¢’ because p(+|s) < ¢(+|s) (from p < q) and
q(-1s) ~ q'(-|s) (Step 1, after Eq - ) for v-almost every s, and both p and ¢’ have S-marginal v.

Multiplying Eq (B-5 - ) by v(s) and integrating over s gives

[vomtlatloNds = [ HECNC)ds+ [vioHE Cs)latis)ds (B0

We now express each of the three integrals in Eq via Eq (B-4), whose first term on the right is the relative
entropy of the S-marginals. Here p® = v by hypothesis and ¢° = v by Step 1, while ¢° is the S-marginal of ¢.

Recall (B-4) states that H(P|Q) = H(P%|Q®) + [ PS(s)H(P(-|s)|Q(:|s))ds. Then taking (P,Q) = (p,q), (p,q')
and (¢’, q) respectively gives

Hol) = H W) + [ v HC19)aCls)ds, (B-7)
Hpld') = / v(5)H(p(:15)lq (15))ds, (B-5)
H(g'l0) = Hle®) + [ V(o) Cls)al9)ds, (B-9)

Substituting Eqs (B-7)), (B-8) and into Eq (B-6)), i.e. replacing the three integrals there by H(p|q) — H (v|q”),
H(plq') and H(q'|q)— H(v|q”) respectively, the two terms H(v|q®) cancel and we obtain H (p|q) = H(p|¢')+H(¢'|q).
[

C Well-definedness of the Sinkhorn scheme

For n > 1, we regard u,, and v,, as extended-real-valued functions, with u, (z) = —oo for z ¢ (0, K') and v, (s) =
for s ¢ (Xo, K). The multiplier A, is only relevant v-almost everywhere, and we set A, (s) = 0 whenever v(s) = 0.
Thus p.nn(s, ) = R(s,z)etn@+on(8)F2 ()2 vanishes whenever z ¢ (0, K) or s ¢ (Xo, K).

—00

Lemma C.1 Suppose Assumption[2.]] holds and set ug = vg = Ao = 0. Then every step of the Sinkhorn scheme is
well defined. For everyn >0, H(p*|pnnn) < 00, HP*|Pnt1,nn) < 00 and

H(p* |pn,n,n) - H(p* ‘pn-&-lm,n) = H(pn-l-l,mn'pn,n,n)v (C'l)
H(p" |pnt1nn) — HO Prt1nt1n41) = HPnt1nt1,041|Prt1,nn)- (C-2)

The functions u, are finite Lebesque almost everywhere on (0, K), and A, and v, are finite v-almost everywhere.
Every completed iterate py, ,, n with n > 1 has S-marginal v and satisfies the local Rogers condition.

Proof. We proceed by induction. Since py o = R, Assumption gives H(p*[po,0,0) < 00. Also ug =0, \g =0
and vy = 0 are finite, so the finiteness assertions hold at n = 0. As the inductive hypothesis, we assume that
H(p*|pnnn) < 00, uy, is finite Lebesgue almost everywhere on (0, K), and that A, and v, are finite v-almost
everywhere.
Write ¢, = pn,nn and let ¢X denote its X-marginal. Since the X-marginals of p* and ¢, are p and g,
respectively, the DPI gives
H(plgy ) < H(p"|gn) < oo. (C-3)

Since H(u|gX) < oo, we have u < ¢, so the set {x € (0,K) : ¢ () = 0} is p-null; as u > 0 Lebesgue
almost everywhere on (0, K) by Assumption this set is Lebesgue-null, i.e. ¢:X(x) > 0 for Lebesgue almost every
€ (0, K). Moreover, since ¢:X is a probability density, ¢;X (z) < co for Lebesgue almost every = € (0, K).
Recall the u-update, Eq (8): uyi1(z) = log pu(z) — log([° R(s, x)e?n ()T ()2qs) Integrating
n(s,2) = R(s,z)eun@+n(F2a()e gver s gives ¢ (x) = (@) [ R(s,z)e () TA(9)2ds 50 the integral inside

the logarithm above equals e~ %*(*)¢X(z), and therefore

un1(2) = log p(x) —log g (2) + un(2)

for Lebesgue almost every € (0, K). Hence pyi1.n.n(8,2)/qn(s,z) = etnt1@=un@) = 1(2) /¢X (x), 50 pri1nm <
dn, and p* < g, since H(p*|g,) < oo by the inductive hypothesis.



Lemma 1.4(b) in [Nutz22| gives

anrl,n,n(Sa X)
n (S, X)

)= B (log 148). )

H * n —H * n n,n :Ep*l
(®*lgn) = H(p" |pn+1.n.n) (log (X

Since the X-marginal of p* is u, EP" (log ql;f(();))) = H(u|gY), and therefore H(p*|qn) — H(p*|pn+1nn) = H(ulgY).

Since H(p*|gn) < oo and H(u|g) < oo, it follows that H(p*|pni1n.n) < 00
Moreover, by Eq (15), H(pnt1,n,nlan) = H(plgy ). Hence

H(p*|qn) - H(p*|pn+l,n,n) = H(pn+1,n,n|qn)

which is Eq (C-1)). By Eq ([18), H(Pn+1,n,nl¢n) = H(p|g; ) and by this quantity is finite.

Since p(x) > 0and 0 < ¢ (z) < oo for Lebesgue almost every z € (0, K) (shown above), and u,, is finite Lebesgue
almost everywhere on (0, K) by the inductive hypothesis, the identity u,.(z) = log u(z) —log ¢.X (¥) +u, () shows
that u,11 is finite Lebesgue almost everywhere on (0, K).

We now apply Lemma directly to u,41. Since ppy1n.n(s, ) = R(s, z)etnt1(@)Hon(s)+An ()7 itg S marginal
is

ustnn)*(6) = e [ R, ppetnn ey
0

Since pp41,n,n is a probability density, (pn+17n7n)s is integrable, hence finite for Lebesgue almost every s. As shown
above, H (p*|pn+1.n,n) < 00. Since the S-marginal of p* is v, the DPI gives H(l/l(pn+17n’n)s) < H(p*|pn+inn) < 00,
hence v < (Pni1.nn)s 1€ (Pnt1nn)®(s) > 0 for v-almost every s.

We have already shown that 0 < (pn+11n7n)s (s) < oo for v-almost every s. Moreover, v, is finite v-almost
everywhere by the inductive hypothesis, and hence 0 < e~"»(*) < oo for v-almost every s. Therefore

0< / R(s,z)etn 1 @FAn()7 gg < 50 (C-4)
0

for v-almost every s. Hence the hypotheses of Lemma hold, so the A-update is well defined and there exists a
unique finite measurable function A,11(s) satisfying
2 2R (s, a)en 043 gy
f(]s R(S,I)e“n+l(m)+>\n,+1(s)xdx

= b(s).

By Assumption and the fact that v is a probability density, 0 < v(s) < oo for v-almost every s. Now recall Eq
(10): )
Unt1(8) = logv(s) — log(/ R(s, z)etnt1@FAnta (&) gy
0

Then logv(s) is finite for v-almost every s, and the second logarithm in Eq is finite for v-almost every s by
Lemma applied with v = wu,41 and A = A,41(s), so the v-update is well defined and v,,41 is finite v-almost
everywhere.

We now apply Lemma with ¢ = ppt1,n,n and A(s) = Ap4i1(s) — Ap(s). Its hypotheses hold. First, the
S-marginal of g is positive v-almost everywhere (shown above). Second, by definition ¢y (z|s) o e*®)%¢(s, x); with
A= >\n+l - An and q = Pn+1l,n,n = Reun+1(z)+vn(s)+/\n(s)z this is

e(>\n+1(s)_An(s))‘7: R(S, x)eun-%—l(”")"l‘”n(S)“l‘>\n(s)ﬂC — evn(s) R(S, a«:)eun-%-l(‘7")"">\71,+1(5)3’37

Hence gy (z|s) = R(s,z)etn+1 (@) FAnta(s)z / s R(s, y)etn 1WAy gy whose mean Jy wax(z|s)dx is the left-hand
side of Eq (9], hence equal to b(s). Finally, by the definition of ¢’ in Lemma

/ — — v(s) Un+1(®)+Ant1(8)T _ Svnt1(s) Un41(2)+Ant1(s)z _
q (87 CL’) - I/(S) qA(x|s) - fOS R(S, y)e“n+1(y)+)‘n+l(5)ydy R(S7 .’E)e =e R(sv .T)e - pn+1,n+1,n+1

where the third equality is Eq .
p* has S-marginal v, conditional mean b and H (p*|pp+1,n,n) < 00 (shown above), so Lemma gives

H(p" |pnt1,n,n) = HP" [Prt1nt1,n41) + HPnt1,041,041[Pnt1,n,n) (C-5)
which is Eq (C-2). Since the left-hand side is finite and both terms on the right are nonnegative,
H(p* ‘pn+17n+1,n+1) < 00.

Finally, (Pn+1,n+1,n+1)° = v by Lemma SINCe Ppt1,n+1,n41 I8 the density ¢’ there, and by Eq () [5 @pnt1,n+1,n41(s, )da =
b(s)v(s) =r(s), so the completed iterate satisfies the local Rogers condition. This completes the induction. m



D Sketch proof of the Rogers’ construction

For completeness we sketch the construction in Section 3 of [Rog93| of a continuous martingale with a prescribed
joint law of (St, Xr), in the case relevant here where the joint law has a density. It is convenient to work with
Y =S — X and to write u(b,y) for the joint density of (St,Yr) on [xg,00) X (0,00), so that u(b,y) = 7(b,b—y) in
the notation of Theorem [[1]

Let W be a Brownian motion started at xg with running maximum W, = max,<; Wy, and let {Z}p>4, be a
family of random variables, independent of W and of each other, with Z; having density f(-;b) on (0,00). Define
T=inf{t >0: W, — W, > ZWt} . The rate of excursions with drawdown > y is %, so the excursions that reach 7,

arrive at rate fooo y~1f(y;b)dy, and let 7 denote the time of the first such excursion. Then

P(W, >b) = exp[— / / s)dyds],
P(W, € db, W, — W, €dy) = P(W, >b) ; f(y;b)dydb. (D-1)
Now let fi(b,y) be the target density and p(b) = [, [ ii(s, u) duds = P(Sp > b). Matching (D-1)) with ji requires
P(W, > b) = p(b) and
y b, y)
fly;b) = =—===. D-2
it) = L (D-2)
Since v(b) = [, ju(b,y)dy, we have fo Lf(y;b)dy = v(b)/p(b) = —p'(b)/p(b). Hence, replacing the inner
integral in the first 1dent1ty above and using p( 0) =1 gives
b~ >
- p'(s) plb) _
IP)WT>b:eXp/ ——=ds) = — = p(b). D-3
Wz > ) =esp(| B = 0 = ot (D)

This is a legitimate choice only if f(-;b) is a probability density in y for each b, i.e.
(oo}
/ yi(b,y)dy = p(b) for almost every b > xg. (D-4)
0

Substituting (b, y) = 7(b,b—y), the left-hand side of (D-4)) is f_boo(b—ac)ﬁ(b, x)dz = bu(b) —n(b) and p(b) = F,(b),
so (D-4)) is exactly the local Rogers condition (T]).
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